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k-tensors on V,,, vector structure on sets of k-tensors.
Tensor and wedge product of tensors.

Vector and tensor fields on R”, differential k-forms.
Exterior derivative and pull-back of differential forms.

Lie derivative of differential forms.

Parametrized pieces os surfaces, singular cubes in R”.
Integral of forms on singular cubes and chains.

Stokes theorem and its classical versions.

Differential manifolds (maps, atlases, differential structure).
Differential manifolds with boundaries.

Differential forms on manifolds, decomposition of unity.
Integral of forms on differential manifolds, Stokes theorem.
Applications in geometry and physics.
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k-tensors on V,,, vector structure on sets of k-tensors

DEFINITION: k-tensor (covariant k-order tensor)

Let V, be an n-dimensional vector space over R. A mapping
u:Vypx--xVp3(ar, - ,ak) — R

is called k-tensor on V,, if it is linear in every of its vector
arguments,
u(al,...,aathﬂbj,...,a,,) =

=au(ai,...,aj,...,an) + Pu(a,...,bj,...,an)

forevery j=1,...,k, a1,...,a;,b;,...,a, € Vi, o, 3 € R. Denote
as V) the set of all 1-tensors on V), and Tx(V}) the set of all
k-tensors on V.
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We introduce a vector structure on sets of k-tensors by defining
operations the sum of two k-tensors and the product of a k-tensor
and a real number (scalar).

PROPOSITION: vector operations on sets of tensors

Let u,v € Tk(V»), @ € R. Then mappings

(i) w:Vyx---xV,>(ar,...,ak) — w(a,...,ax) € R,
(i) z:Vpx---xV,>(a1,...,ak) — z(a1,...,a) € R,
W(al,...,ak):u(al,...,ak)+v(al,...,ak),
z(al,...,ak):au(al,...,ak), Val./...,an,

are k-tensors. Denote w = u + v, z = au.

(Proof of the proposition: exercise.)
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THEOREM:
The set of all k-tensors together with operations “+" and
multiplication by scalars is a vector space over R of dimension nX.

(Proof: exercise, except for the assertion concerning dimension.)

EXAMPLE: dual space, dual base

(€1,-..,€n) ... base in V,. Define el,... . e" € V;: el(g) = (51’
i,j=1,...,n. The family (e!,...,e") is a base in V, so

dim V) = n.
(Proof: exercise.)

TERMINOLOGY: (e!,...,e") ... dual base induced by
(e1,...,en), Vi ... dual space to V,

n
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.EXERCISE:

1) Let T be the transition matrix from the base (ey, ..., e,) to the base
(&1,...,8) in V,. Derive the transformation relations for components of
1-tensors in corresponding induced bases.

2) Let (e1,...,en) be a base in V,, (u1,...,un), (vi,...,Vvs) components of
1-tensors u, v in the induced dual base. Derive the relations for
components of 1-tensors w = u+ v, z = au.

3) Let T be the transition matrix from the base (e1,...,e,) to the base
(81,...,8&) in V,. Derive the transformation relations between the
corresponding dual bases.

4) Prove all assertions denoted as exercises in the previous text.

NOTE: Proofs concerning bases in vector spaces have two steps: a) proof of

linear independence and b) proof of completeness.
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Tensor and wedge product of tensors

PROPOSITION: tensor product (Proof: exercise.)
Let u € Tk(Vn), v € Ti(Vn). The mapping
w:V,x---xV,>3 (al,...,ak+,) — W(al,...,ak+/) € R,

W(al, RN ak+,) = u(al, ey ak)v(akH, RN ak+,), Va; € V,,

is the (k + /)-tensor, w = u ® v ... tensor product of u and v.

PROPOSITION: properties of tensor product (Proof: exercise.)
u,up,up € Te(Va), vour,up € Ti(Vy), w € T(Va), a, B €R

1) u® (avi + fwv) =a(u® vi) + B(u® va)

2) (o + Buz) @ v =afuy @ v) + fuz ® v)

3) (UuRV)ew=u® (v w)

WARNING: No commutativity.
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PROPOSITION: induced bases in Tx(V,)

Let (e1,...,e,) be a base in V,. Then (e @ --- ® e),
1<i,...,ix <n,is a base in Tx(V,).

TERMINOLOGY: (" ®---®ek), 1 <iy,...,ik < n, ... induced
base by (e1,...,en)

EXAMPLES: induced bases for n =2, k =2, k = 3 (Einstein
summation)

1ol 1.2 2.1 2.2 i o
(e'@e', e @e®,e“®e ", e“®e”), u=uje' e, uj=u(e,e)
(el@el@elel@el e’ el @e?@el, el @ e? @ €2,

2 1o 1 2 1.2 221 2.2 2
e“fRe e ,eRe e, e Re e, e” Ve ®e),

i 1 /
u= u,-j/e'®e’®e, ujji = U(ei,ej’e/)
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DEFINITION: completely antisymmetric tensors

A tensor n € Tx(V,) is called completely antisymmetric

n(ar,...,ai,...,aj,...,ak) =n(ar,...,aj,...,ai,...,ax) for
arbitrary vector arguments and arbitrary argument positions.
THEOREM:

The set Ak(V,), k > 2, of all completely antisymmetric k-tensors
is a vector subspace of Ty(V,), of dimension (7). (For k =1

denote A1(V,,) = T1(Va).)

PROPOSITION: (Proof: exercise.)
The mapping (alternation) Alt : Tx(V,) 3 n — Altn € Ag(Vay),

1

Altn(ar, ..., ak) = P Z sgno - 77(30(1), cee ag(k))
gEPy
for arbitrary as, ..., ak, is the completely antisymmetric k-tensor.
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PROPOSITION: properties of alternation
neNVny) = Altn=1n, uveT(V,) = Alt(Altu = Alt V)

DEFINITION: wedge product
The mapping

(k + 1!
kN

A /\k(vn)X/\l(Vn) > (%77) — WA = Alt wn € /\k+l(vn)>

is called a wedge product.

EXERCISE:

Prove that w A n is completely antisymmetric.
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PROPOSITION: properties of the wedge product

Let wy,wow € Ae(Vin), m1,m2m € Ni(Vi), x € Am(Va), o, B € R.
Then

1) (aw)An=wA (an) =a(wAn)

2) wA (an + Bnz) = a(w Am) + B(w A )
3) (awi + Bw2) An = a(wi An)+ Blw An)
4) (wAn)Ax=wA(nAXx)

5) wAn= (-1 nAw

EXERCISE: Prove all properties of the wedge product. Use the definition.
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PROPOSITION: induced bases in Ax( V)
(eil/\.../\eik), 1<ip<---<ix<n

n= Z ﬁ,’ln_;keil/\.../\eik:

<<
:77J1...jkejl /\.../\ejk, Js€4{1,...,n}

EXAMPLE: induced bases for k =2 and n =2
n = fhoe’ Ae® = (nae' A e+ e’ Ael)
fli2 = M2 — 21, put 121 = —mi2  (antisymmetrization)

DEFINITION: contraction of an antisymmetric tensor by a vector

I'g : Ak(vn) >N — I'g'r] € /\kfl(\/n)

ien(at, .- ak—1) =n(& a1, - - -, ak—1)

Integral on R” and differential manifolds  Olga Rossi and Jan



DEFINITION: volume element

V), ... a vector space with a scalar product and orientation u
volume element ... a form wg € A,(V,) such that
wo(et, ..., en) =1 for every orthonormal base (ey,...,ep)

belonging to
PROPOSITION:

For a vector space with a given scalar product and orientation
there exists the unique volume element.

It holds wp = e! A ... A e”. (Proof: exercise.)
EXAMPLE:

for &1,...,&,, where & = ff:ej:
wo(&1m. .., &) = det (&)). (Proof: exercise.)
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.EXERCISE:
1) The operation of tensor product is not commutative. Explain.
2) Explain the relation for the dimension of Ax(V},).

3) Prove all previously mentioned assertions concerning tensor and
wedge products.

4) Express components of u® v and w A n via components of u, v and
w, 7, respectively.

5) For a general completely antisymmetric k-tensor 1) find the relation
between components 7j;, ., and 7, ; after the antisymmetrization
procedure.

6) Derive transformation relations for components of completely
antisymmetric k-tensors in various induced bases with help of the
transition matrix T between initial bases in V,,.
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Vector and tensor fields on R”, differential k-forms

We the following definition we introduce bounded vectors and
tensors in R”, and then vector and tensor fields.

DEFINITION: tangent space, vector fields, tensor fields

Tangent space T,R" at x € R" is n-dimensional real vector space
bounded at x. Elements of T,R" are pairs of n-tuples

E(x) = (x', &), ie{L,...,n}.

Algebraic operations: only for vectors bounded at the same point.
Vector field (continuous, differentiable, smooth, ...) ... a mapping
(continuous, differentiable, smooth, ...)

& R" — £(x) € TLR"
Tensor field ... analogously ... a mapping

7: R" — 7(x) € Te(T<R")
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.EXAMPLE: threedimensional situation

& o
3 o =(¢8)
c=(x,¢"

x=(x X2, x%)
(€41 € x:85,) - baseatx
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NOTATION:

TR" = | TLR", TiR" = Ay(TLR"), AR™ = | Aw(TR")
x€ERn xER"

DEFINITION: differential k-form

differential k-form, k > 1 ... completely antisymmetric
differentiable tensor field, i.e. differentiable (up to a given order)
mapping w : R" 3 x — w(x) € A(TLR") C A(R"

differential O-form ... a function on R”
EXAMPLE: standard bases in T,R", T;R"
= (4, ), = (0, 8), = E0) =€)

EXERCISE: Explain the motivation for the notation e;x = 8/0x". (Use the
concept of the derivation of a function along a vector.)
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Exterior derivative and pullback of forms

EXAMPLE: motivation to exterior derivative ... function

The derivative of a function f(x) at x € R" along a vector
&(x) € TXR™ D¢ f(x) = 0", 0 = 0/0x', can be interpreted as
the value of the 1-form e at x evaluated on the vector £(x).

DEFINITION: exterior derivative of a 0-form

exterior derivative of a 0-form ... mapping
d: AgR" 3 f — df € AIR",  df(x)(£(x)) = 9;F(x)€'(x)
EXAMPLE: exterior derivative of coordinate functions
X RT3 x — X (x)=x €R, d(x)(ejx) = 6{e{< = dx/

n= Z ﬁjl,..jkdle Ao A dxde = "7i1...ikdxi1 A A dxk
J1<<Jk
components 7;,._j, are supposed to be antisymmetrized.
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DEFINITION: exterior derivative of a k-form, k > 1

exterior derivative ... a mapping
d: AR™ 3 — dn € A R”, dn(x) = digjy i AdXTAL L Adx

PROPOSITION: properties of exterior derivative (Proof: exercise)
a, BER, ni, 2 € NR™, we AR, e NR™ ... arbitrary,

1) d(any + fn2) = adm + Sdn,

2) d(wAn) =dwAn+ (=1 wA dny

3) @?=dod=0,ie d(dw) =0
DEFINITION: closed and exact forms

closed form ... a form w such that dw = 0, exact form on U C R”
... aform w € A R" such that there exists n € A, _1R", w = dn

NOTE: closedness = exactness, not vice versa in general (depends on the
set U) ... discuss
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DEFINITION: tangent mapping to f : R” — R™
Tf: TR" 3 &(x) — ((f(x)) = Tf{(x) € TR™

(e = (2r) o0

EXAMPLE: n=2 m=3

, ie{l,...,n}, a€{l,...,m}

y=f(x)

2
“ I
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.EXAMPLE: matrix expression of tangent mapping

C(F(x) = (Y F(x), CUF(x)), (¢h oo CMlry = DF(x)-(€F -+ €M)x

Df(x) ... Jacobi matrix of the mapping f (Tf is R-linear)
DEFINITION: pullback of forms

pullback of forms by f: R" — R™ ... for k > 1 the mapping
MRS w—n=FfweAR", Ff*F=Foffork=0

D €l = (G Gl GFX)) = TFE(X)
EXAMPLE: pullback of coordinate forms

Frdy®(x)(€(x)) = dy* (FO))(TFE(x)) = ¢*(F(x)) =

oy*f ; 0
= ¢ 600 = aX(500) = £ dy” = o

«

dx’
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PROPOSITION: properties of pullback (Proof: exercise.)
a, BER, wy, wr, w e ANR™, e NNR™ ... arbitrary

1) f*(awi + Pwz) = af*wy + BF*w;

2) f*dw =dffw

3) fF(wAn) =~ wAfn)
EXAMPLE: Property 2) for coordinate functions

WL i = £+ dy®
ox!

Fry®(x) = y*f(x), d(fy?) =

EXAMPLE: pullback — general expression in coordinates
W= Way..ap YA ADYH*, Frw = (way..a0f )FTdy AL AR Ay =

8ya1 ayo‘k
= (wal---ak @) ) aXIl e 8X,k

dx™ A LA dxe
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.EXERCISE:

1) Prove properties of the exterior derivative operator and properties od
pullback. For the proof of relation d®> = 0 use the antisymmetry of the
wedge product and symmetry of second order partial derivatives.

2) F ... a vector field, f,® ... functions on R>. Denote
W = Fdx! + R dx® + F3dx
w? = FLAC A dx® + R dx® A dxt 4 F3dx! A dx?
wg’) = ddx! Adx® Adx®
Prove relations: df = wgr)ad,, dw(Fl) = wﬁi)tF, dw(F2) = w((fiz,F

3) Using 2) prove that divrot F = 0, divgrad f = Af, rot grad f = 0.

4) If &(x) is the vector tangent to the curve C at x, prove that
C(f(x)) = Tf&(x) is tangent to the curve f o C at f(x).
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Lie derivative of forms

DEFINITION: one-parameter group of a vector field
one-parameter group of a vector field {(x) ... the family of
mappings
1) ay: Wax — au(x) e ay(W)CR", UC
R™...open set, u € (—¢,¢)
2) Quiy = Quiy =y oay, a=idy, ie a,l=a_,
3) a:(—e,e) x W3 (u,x) — alu,x) = ay(x) € a,(W)
« .. .differentiable
4) €)= 50

Y u=0
EXAMPLE: integral lines in a plane (n =2, u € R)
£(x) = (1, 3xY), xtay(x) = u+ xt, x2ay,(x) = %UZ + 3uxt + x2
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We know how to describe changes of a function f on R” along a
given vector field {: by the derivative of f along £, O¢f = g:,-é“’. It
is in fact the Lie derivative of f with respect to £. Generalization of

this concept to differential forms:

DEFINITION: Lie derivative of a differential k-form

u

=0 u—0 u

EXAMPLE: Lie derivative of a 1-form

o, gl - Ow; :
== [ H = ) _— fd . Jij !
w=wjdx;,, &£=¢& o Orw <wj EN +¢& > dx
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PROPOSITION: some properties of Lie derivatives
wi, wo, w € AR, ne AR, a, B €R

1) Oe(wAn) = 0w An+wAden

2) Oc(awr + Pwr) = alewr + BOsws

3) Oew = ig dw + digw

4) 0+ Cigw = igOcw

5) Of¢ = fOcw + df Nicw
EXERCISE:

1) Derive the expression for components of the Lie derivative of a 1-form w
with respect to a vector field &.

2) Derive the above properties of Lie derivatives from the definition in
general, or at least for 1-forms — use calculation in components.
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Parametrized pieces and singular cubes in R”

Concept of integration: we need to define some subsets of R as
appropriate domains of integration, while differential forms will be
integrated objects (instead of functions)

DEFINITION: n-dimensional parametrized pieces and singular
cubes in R™

n-dimensional parametrized piece of a surface in R, resp.
n-dimensional singular cube in R™ ... a differentiable mapping

c:[0,1]"3u=(u*,...,u") — c(u) = (x'c(u),...,x"c(u)) € R™,

such that c is one-to-one or obeys the condition rank Dc(u) = n
on [0, 1]” for parametrized pieces or for singular cubes, respectively

EXERCISE: Specify the difference between definitions of an n-dimensional
parametrized piece of a surface and an n-dimensional singular cube in R".
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.EXAMPLE:

xle(ut, u?) =sin(2zut) cos(277u?)
x2c(ut, u?) =sin(2zut)sin(2zu?), x3c(ut, u?) = cos(2zut)

Is this the parametrized piece or the singular cube? What
dimension?
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A question is: how to describe the boundary of a parametrized

piece or a singular cube using the mapping c. Is it possible to find
a description including orientation?

EXAMPLE: standard n-dimensional cubes in R"

X X3 R3
RZ

1 g X
12([0,1°) = R? 13([0,1P) = R®

XMW, ... u" =u, iefl,..., n}

2) — (xH2(ut, u?), 2/2(u u?)) € R?
2,u3)—>(xl3(u u?,u ))€R3 i€{1,2,3}

Integral on R” and differential manifolds  Olga Rossi and Jan



.EXAMPLE: standard n-dimensional cubes in R™, m > n

on (m — n)-coordinate positions are fixed values 5 =0or § =1

u? x}| R®
1 1/)/
[0, 1%
2) X2
1t S

12([0,2°) = R®

1) 12: 0, 12 3 (v}, u?) — (B, ut, u?) € R3
2) B: [0, 113 3 (u!, u?, u3) — (u!, %, B) € R3
1
u

213
3) 3: [0, 1 > (v}, v?, u®) — (v}, B, u?) € R3
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.EXAMPLE: walls of standard cubes

2 2 2
u X l0)

1 A =A |2
|2 (2,0)

2 2 2
[0,1° —— |1°([0,1]) Gy ——

> |2

1 Ul Xl 2,))

"correct” (rightwise) orientation: 1%, 155,

80y : [0, 1] 3¢5 — (M1 g)(£1), X0 g)(£1)) = (0, t1) € R
iy (0,15 ¢8 — (MG (1), G 1y (£)) = (1, 1) € R

(1), 212
(1), 21
22’0)(1“1), X2/(2270)
5y (t1), 13 )
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.EXERCISE: walls of standard cubes

Arrows ... "correct” (ext normal) orientation of the cube boundary. Parametrize

walls and compare with the correct orientation.

DEFINITION: walls of standard n-dimensional cubes

(i, a)-wall of a standard n-dimensional cube in R”, « =0or1

1P, 00,17 s (") = (T et ) e RD
for I" in R™, m > n, positions occupied in [" by S=0o0r =1
remain unchanged
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Following definitions look rather formally — their meaning will be
completely clear later, in relation to the concept of integral.

DEFINITION: boundary of an n-dimensional singular cube

boundary of a standard n-dimensional singular cube in R™
IS
)
i=1 a=0,1
boundary of an n-dimensional singular cube ¢ in R™
n
Jc = Z Z (*1)’+(¥C(,'7a)
i=1 a=0,1

i) = €0 (i oy --- (i, @) wall of the cubec
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.EXAMPLE: boundary of a 2-dim parametrized piece in R3

Cao ---2€10 Measure
c:[0,1 »R®

. 1 2

Sy x* =sin 2L cos £

2 _gin zut gin mu?
x* =sinZtsin 4

2
1
X X =cos

c([0, 1)

C(1,0)(1'1) = (0,0, 1), C(1,1)(t1) = (cos ”2 sin - )
C(270)(t1) = (sin %1, 0, cos %1> e, 1)(t )= (0 sin %, cos 7%1)

EXERCISE: Discuss orientation of walls with respect to i and c.
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Integral of differential forms

Now we introduce the concept of integral:
> integrated objects ... differential n-forms

> integration domains ... n-dimensional parametrized pieces or
singular cubes in R™, m > n

DEFINITION: integral of forms

c:[0,1]">u= (u"),-:17,,.7,, — c(u) = (XQC(Ui))a:L..ﬂm eR™
n-dimensional parametrized piece or singular cube in R™, m > n,
w ... an n-form defined on an open set A C R™, ¢([0, 1]") C A

integral of w on ¢

fw = [ cfw= [ f(du*...du") (Riemann integral)
[0, l]" 0.1]
c*w=f(ut, ..., u")du' A... A du” (f unique component of c*w)
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Explanation of the formal expression for the boundary dc of ¢

DEFINITION: integral on chains

¢, s€{1l,...,p}, ... n-dimensional parametrized pieces od
singular cubes in R™

w ... an n-form defined on an open set A C R™, ¢([0, 1]") C A

a formal notation [' = kycy + - - - + kpcp is understood in the sense
of the integral on an n-dimensional singular chain,

/w:kl/w+~-+kp/w
'r &1 Cp

The expressions for dc and Ol are understood in this sense as well.
EXERCISE: Prove that 9(dc) = 0 and analogously 3(9I') = 0.
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.EXAMPLE: integral of a 2-form on a 2-dimensional domain

c:[0,1* > R®
1 i ot u?
X" =sin £-cos -
2 2 _ gjp 2ut gjpy zu*
X® =sin£-sin %
x® = cos 2~
c([0, 1)

C...parametrized piece of a unit sphere

w=x3dx* A dx?, c*w = (cox3)c*dx! A c*dx?
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.EXAMPLE: (continued)

1 1
* 7101 Ox 1 Ox 2
cdx = ﬁdu —|—ﬁdu =
1 2 1 2
= %cos%cos%dul—i— gsinﬂ-Tsin%du2
ox ox
* 2 1 2
C dX = ﬁ du =+ ﬁ dLl =
1 2 1 2
= gcos%sinTudul—&—gsin%cos%du2
* 1 * 2 7'I'2 . 71'U1 7'l'U1 1 2
cdx A cfdxt = TSInTCOSTdu A du
3 1
(cox®)c™dx' A c*dx® = T sin® T co? T dut A du?
8 2 2
2 1 1
/w = % sin’ % cos’ % (du' duv®) =
c 0,13
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Stokes theorem and its classical versions

THEOREM: Stokes theorem

[ ... n-dimensional singular chain in R™, m > n
w ... an (n—1)-form on an open set in R™ containing I'. It holds

/w:/dw
or r

Steps of the proof:
1) forT=1"inR" ...
w=f(xt . . xM)dxt Adx TP AT AL A dX"
2) forT=col™ c: 1"> (xj)j:;l,m,,, — (yac(xj))a:L,_,,m eR™
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.EXAMPLE: c ... parametrized piece of unit sphere in R3

X Cw0) - - -2E€10 Measure = zero integral

c:[0,1> > R®

1 _ gin 24 cog 2u>
X" =sin 2 cos 24
2 _ginzulgin zu®
x* =sinZ-sin 4

1
x* = cos 2

ac=(-n*+° Cuo) (—1)1+lc(1,1) +(=D**° C0) * (—1)2+1C(2,1)

w=x'dx! +x?dx* + x3dx3, dw=0 = Jdw=0

/= J w+ [ w— [ w=...(integral on ¢ is zero)

dc  cay 1) c2.1)

EXERCISE: complete the calculation
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THEOREM: n = m = 2 Green theorem
w = P(x, y)dx + Q(x, y)dy
P(x, y), Q(x, y)...(differentiable) functions

T POy et Qe y)dy = [ (24520 = 2252 ) dxn dy
c c

THEOREM: n =2, m = 3 classical Stokes theorem

w= w(Fl) = Fi(x, y, z)dx + Fa(x, y, z)dy + F3(x, y, z)dz

f F]_(X, Y, Z)dX+F2(X7 Y, Z)dy+F3(X7 Y, Z)dZ:
dc

:frotxl-jdy/\ dz—l—rotyl-jdz/\ dx + rot, Fdx A dy
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THEOREM: n = 3, m = 3 Gauss-Ostrogradsky theorem
(2 _

W= wy
Fi(x, y, z)dy A dz+ Fa(x, y, z)dz A dx + F3(x, y, z)dx A dy

| Fi(x, y, z)dy Adz+ Fa(x, y, z)dzA dx+ F3(x, y, z) dxA dy =
dc

= [div F(x, y, z)dx A dy A dz
Cc

EXERCISE:

Discuss classical theorems (Green, classical Stokes and Gauss-Ostragradsky)
with respect to the general Stokes theorem.
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DEFINITION: volume element on ¢

Assumptions:
1) ue[0,1]" CR", (e1,u, ---, €nu) -.. standard base in T,R"
2) c ... n-dim parametrized piece or singular cube in R™, m > n

3) TxR™, x € R™, is supposed with the standard scalar product
(€, ¢) = &8¢+ - -+ €M™, standard orientation of T,R™ is
given by a standard base (fix, ..., fmx)

4) Teye =1/¢, -+, Call, ¢ = Tce, ... tangent space to c in
c(u), x € [0, 1]" ... generated by vectors (; = T,c

5) scalar product on T.(,c ... restriction of (£, () to T, c
6) orientation in T.(,)c compatible with ¢ ... p=[C ..., (4]

volume element on ¢ ...the n-form w such that w(c(u)) is the
volume element in T (,)c
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.EXAMPLE structures for volume element for n =2, m =3

u &u T,R2

EXERCISE:
For c: [0, 1?3 u = (u', v*) = c(u) = (x*c(u), x*c(u), x*c(v)) € R
x! =sin ”7“1 cos ”T“z, x% = sin "T“l sin "T“z, x' = cos ”T‘Jl calculate vectors

G=Tcey (= Tcer.
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PROPOSITION: calculation of the volume element on ¢

wg ... volume element on an n-dimensional ¢ in R™,
C=Ci(c(u)) = Tcejy i €{1, ..., n}, then

wo(cW)(@, - G) = et (G, )

EXERCISE: Prove the above proposition using following notes:
> wo(Cy ..., ) =detA A= (C,j'.)i,j:l,“.,n. G = C_fej, (e, -, €n) ...
orthonormal base in T, c belonging to the orientation p
> det?’A=detA-det AT =detG, G = (g;), g = (&, &)
NOTE: Recall that the scalar product is invariant with respect to the choice
of a base, thus the calculation can be made with help of components of vectors
Ciy ..., Coin the base (fi, ..., fm), ¢i = (' fa, € {1, ..., m}.
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With the volume element we can introduce a specific type of
integral on c, useful e.g. for practical calculations of geometric and
physical characteristics of real bodies

DEFINITION: first-type integral

first-type integral of a function f : A3 x — R, ACR™ ... an
open set containing ¢([0, 1]) is the integral of the form fwg on ¢

l—/fwo— / (foc)c*wy
< [0,1]
PROPOSITION:
/fwo = / (f o c)Vdet G (du! ... du")
¢ [0, 1]

NOTE: It is the direct consequence of the expression for wo(C1, ..., Cn).
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Differential manifolds

DEFINITION: topological manifold
n-dimensional topological manifold ... topological space (X, 7x)
1) Hausdorff
2) there exists a countable base of 7x (2°¢ axiom of countability)
3) locally isomorphic with R”
DEFINITION: maps on a topological manifold
1) UC X...openset, p: U3 x— p(x) € R", o(U) € 7x
2) ¢ is a homeomorphism
(U, ¢) ... local map on X, (X, ¢) ... global map (if exists)
NOTE: n-dimensional topological manifold is "locally” R"
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DEFINITION: R"-atlas on an n-dim topological manifold X

R" atlas of class C", or smooth (class C*°) on X ... family of
maps A= {(U,, ¢,)| U, € 7x, t € I}, | ... a set of indices:

1) Ueg U =X

2) every ¢, is a homeomorphism of U, on the open set
o(U,) CR"

3) for every pair ¢, k € | the maps
PO ‘P;l DU Ug) — (U, N Uy)
Pk © ‘P:l : SOL(UL N Un) — @H(UL N Ufi)

are one to one C'"-differentiable, or diffeomorphisms (of class

C™)
NOTE: R" is understood as the n-dimensional Euclidean space, i.e. the set of
all real n-tuples (o', ..., a") with the Euclidean (natural) topology.
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.EXAMPLE: R?-atlas on 2-dimensional X — overlapping maps

poopit 1 pe(UNUx) 3 (XX @.))im2 — (X'@n (X or))iz12 € 0u(U.NUy)
Prop; @ (UNUs) 3 (X' (Xon))iz10 — (X'u (X 01)iz12) € @r(U.NUx)
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.EXAMPLE: R!-atlas on a unit circle ST ¢ R?

/,_.C

S
=
S
RN

x|

A= {(Ul' 2), Uy, 9,), U, ), Uy, ‘/’4)}

Mappings ; are cartesian projections, t; = p;(x), for example for
x = (x!, x2) € Uy N Us, i.e. x1, x?> > 0, it holds

9030901_1: U1ﬂU29X—>t3:ﬂ

EXERCISE: Express all ¢; o npfl. Show that A is an atlas on S*.
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DEFINITION: maximal R™-atlas on X, differential structure
1) (U, ¢) ... map compatible with A, if the family

A=A{(U, ¢.), (U, ¢)} is again an atlas

2) atlases A, A ... equivalent, if every map of A is compatible
with A and vice versa

3) equivalence class [A] ... differential structure on X

The following theorem is important for the concept of integration
on manifolds:

THEOREM:

On every differentiable manifold it exists a countable atlas.
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.EXAMPLE: stereographic projection "SP”"

N =(0,0,1)

={U,9),U,p)
U =S2\{N},U =S2\{S}

gog (tlt)»(t )=

tl
[(t1)2+(t2) (1’ +(t) J

pop L (TLTY) - (1 1%)
exercise

EXERCISE:
1) For SP of §? C R? derive relations ¢ : (t!, t) — (x, x?, x*) and
o (B ) = (x4 X2, X°).
2) With SP construct the atlas on S* C R? and show that it is compatible
with that based on cartesian projections.
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The following proposition is important for practical description of
n-dimensional manifolds in R™, m > n

PROPOSITION: Let X € R™ be an n-dimensional manifold.
Then for every point x € X it exists a map (W, v),

Y(x) = (y'(x), ..., y™b(x)) such that (U, p), U= W N X,
@ =1|yis amap on X and

yn+1¢(X) — ym/L/)(X) =0

EXAMPLES:

1) S! c R? (unit circle in R?) ... 1-dimensional manifold in R2,
W =R? o= (y', y?), y' =9, y> =r — 1, where 9, r are
polar coordinates; for x € Slis y2 =0

2) S2 C R3 (unit sphere in R3) ... 2-dimensional manifold in R3;
exercise: describe S2 with the use of the above proposition
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DEFINITION: differentiable mappings of manifolds

(X, 7x), (Y, 7y) ... diff. manifolds dim X = n, dimY = m
f: W —Y ...amapping on an open set W C X
(U, ), xe U, (V, ), f(x)ef(UyCV...mapson X and Y

f ... differentiable, if 1 o f o ™! is differentiable
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Differential manifolds with boundaries

EXAMPLES: manifolds without a boundary
differential manifolds S C R?, §? C R3 ... examples of manifolds
without boundary

EXERCISE: motivation: S* C R? S? C R® can be described also as singular
cubes; prove that 9S' =0, 95> =0

What means manifold with a boundary?

DEFINITION: n-dimensional manifold with a boundary in R™

R7 = {x € R"|x" > 0} with induced Euclidean topology
X CR™ X #(, m>nX ...amanifold with boundary if there
exists a maximal R atlas on X

NOTE: axioms of maximal R, are formally the same as for a maximal

R"-atlas, taking into account R’ instead of R"
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DEFINITION: boundary of a manifold X

interior point x € X ... there exists a map (U, ¢) such that

x € U, p(U) CRY isopenin R” ie. x"p(x) >0

boundary point ... a point x € X which is not interior, i.e. there
exists a map (U, ¢) such that x € U, x"¢(x) =0

boundary of X ... the set X of all boundary points

manifold without a boundary ... 90X =0

PROPOSITION:

the boundary of n-dimensional manifold with boundary is
(n — 1)-dimensional manifold (without boundary)

EXAMPLE: X = {(x}, x?) € R?|(x1)? + (x2)? < 1}, 0X = 0),
X = {(Xl, X2) € R? ’ (X1)2 + (X2)2 < 1}, OX =St
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DEFINITION: tangent spaces to a manifold X
X ... n-dimensional manifold with boundary in R™, define
1) curve in X with the origin at x €
C:[0,e) = R™ C([0,¢)) Cc X
2) tangent vector to X at x
& e T,R™ if it is tangent to a curve in X with the origin at x

3) tangent space to X at x
the set T, X of all tangent vectors to X

PROPOSITION:
tangent space T, X C TxR™ is a vector subspace of T,R"™

NOTE: Above properties hold for all points of X, including boundary ones.
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C: [0,e) = C(t) € R™, C(0) = x, (C differentiable) ... a curve in

R™ with origin at x; tangent vectors to R™ at x = (y!, ..., y™):
; dytc(t dy™C(t
&(x) = const C(0) = const <x, ( ydct( ), ce ydi( )> t_0+>

PROPOSITION: coordinate expressions of tangent vectors to X

for x € X, (U, ), o = (x}, ..., x") ...amapon X, x € U:
. 1 n
&(x) = const C(0) = const | x, dx ng(t)’ e C(t)
dt dt .

EXERCISE: Prove that (€1,xy -+ €nx), €ix = go,-,X'(O), ©ix ... coordinate
curves [0, €) Dt — pix(t) = 1(xY, ..., X' +t,...x") € Uis a base in T,X.

Discuss if components of a vector depend on a concrete map (U, ¢), x € U.
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Differential forms on manifolds, decomposition of unity

Having defined tangent spaces to a manifold X we have
automatically defined dual spaces T; X and spaces of tensors,
especially Ax(T,X) by the analogous way as for k-forms on
Euclidean spaces.

NOTE: bases and dual bases

(€155 -+ Enx) = (%, cee %)X, (ef, ..., el) = (dx'(x), ..., dx"(x))

dx/(x)(gr,) =

DEFINITION: differential k-forms on X
mappings w: X D W € x — w(x) € Ae(TxX) C A X

w(x) = Wi, dxT AN dXik, ity ooy ik €4{1, ..., n}
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DEFINITION: orientable manifolds

volume element on n-dimensional X ... an (at least continuous)
n-form w on X, w(x) # 0 for every x € X
orientable manifold X ... there exists the volume element on X

(U, ¢), p=(xY ..., x"), x € X ... w(x) = f(x)dx A -+ A dx"
PROPOSITION:

1) n-dimensional manifold X is orientable iff there exist a
countable atlas A = {(U,, ¢)¢|¢ € I} such that for every
L, k € | it holds det D(y, 0o ;1) > 0 on . (U, N Uy)

2) the boundary of an orientable manifold with boundary is
orientable

NOTE:The expression of a volume element w for every (U., ¢.) is unique,
w=Ffdx!A...AdXx", f, >00r f, <0; (U., ¢.) ... positive, if f, > 0.
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PROPOSITION: transformation of coordinates
(U, 0.), (Us, ¢x), U.NUg; # 0, on U, N Uy it holds

w=fidx A A dx = (f-det D(pr o h)) dxg A... A dx]

DEFINITION: oriented manifolds

X ... n-dimensional orientable manifold

orientation of X ... a mapping 1 : X 3 x — pu(x), where u(x) is
an orientation of T, X

induced orientation by the volume element w ... for every x € X
and all bases (e x, ..., enx) € p(x) is w(x)(e1x; ..., €nx) >0

a manifold X with orientation ... oriented manifold

EXAMPLE: S? C R3 ... orientable (e.g. with help of a
continuous external normal), Mobius strip ... not orientable
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The concept of integration of forms on differentiable manifold is
analogous as that using parametrized pieces or singular cubes
c:[0,1]" = R™ m> nand chains I = kycy + - - - + kpcp in R™.
However, it is more general: while integrated forms can be defined
on the whole manifold (as e.g. volume element) there need not
exist a global map (coordinate system) on X. The coordinate
expression of differential forms (integrated object) are different in
various coordinates (transformable, of course, each to other on
intersections of various maps). We solve this problem with help of
so called decomposition of unity.

Integral on R” and differential manifolds  Olga Rossi and Jan



PROPOSITION: decomposition of unity
X ... an n-dimensional differential manifold with boundary
A={(U,, ¢, |t €} ...an atlas on X
Then there exists a family (x,), x,: X = R, 1 € [, of
C°-differentiable functions (decomposition of unity on X
associated with A) with properties:
1) for every ¢ € | and every x € X it holds 0 < y, <1
2) for every x € X there exist an open set W C X such that only
a finite number of functions belonging to {x, |t € | =} is
nonzero on W
3) for very x € X only a finite number of numbers x,(x), ¢ € I,
is nonzero; moreover it holds », -, x.(x) =1

4) for every ¢ in holds supp x, C U, (support of the function x,)
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.EXAMPLE: an example of decomposition of unity on R
X =R, A={(U;, @), (Vi; ¢j)|j € NU{0}}

U= (i + D3, (2~ D3 U (&) - D5, 2+ 1)5)
Vi = (=0 + Dm, —jm) U (m, ( + 1)7)

aj(x) =cos?x, x € Uj, a =0, x e R\ U;

Bi(x) =sin’x, x € V}, Bi(x) =0, x e R\ V,
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.EXAMPLE: decomposition of unity on R (continued)

() | Bo(x)

o (X) Ai(¥)
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Integral of forms on manifolds, Stokes theorem

DEFINITION: integral
Assumptions
1) X ... n-dimensional oriented manifold with boundary
2) A={(U;, ¢i)|i € N} ... a countable atlas on X with
positive maps, such that all sets U; are compact
3) A= {(V;, 1;)|j € N} ... another atlas with the same
properties as A
4) (xi), (vj) ... decompositions of unity associated with A, A
5) w ... an arbitrary n-form on X,
w:f,-dxl-l/\.../\ dX,-":gjdyjl/\.../\ dyj”
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DEFINITION: integral — continued

Denote integrals (explain why they exist)

I = / (xifi) o i Hdxt ... dx)
ei(Uj)
J = / (vjgj) o qu_l(dy-1 oodyf)
¥i(V))
PROPOSITION: important for introducing integral

absolute convergence of ) . [; = absolute convergence of ZJ- J;

and >, i = ZJJJ
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DEFINITION: integral — continued

for absolutely convergent E,- I; ... form w is integrable on X
/WZ / Xifi) o o; Y(dxt... dx") integral of w on X
" ei(U))

PROPOSITION: properties of integral

1) linearity: [(awi + Bw2) = a [wy + Bf Wy
X X
2) for X =X UXp, Xy NXo =10 .. fw—fw—i—fw
X1
3) for i(UiN(X\ Y)) C R zero measure set

Ix = [w exists iff [y = [w exists, and then Ix = Iy
X y
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THEOREM: Stokes theorem

Assumptions
» X ... n-dimensional compact oriented manifold with boundary

» w ... differential (n — 1) form on X

Then
/dw:/w,foraX:@.../dwzo
X oX X
NOTE: The compactness of the manifold X cannot be weakened in general.

On the other hand, Stokes theorem is valid even for non-compact manifolds if

w has compact support.
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Applications in geometry and physics

DEFINITION: volume of a manifold and integral of f : X — R
Assumptions

1) X ... n-dimensional oriented manifold in R™ with boundary,
m > n, orientation u

2) forevery x € X ... (U, ¢), p = (x), x € U,
£0x), C(x) € TX, gl O) = (€(x); C(x)), i g € Ta(ToX)
mapping g 1 (x = g«), & = gjdx' ® dxX/, gjj = (eix, €ix), ---
Riemann metric on X,

3) w(x) = +/det (gj)dx* A...A dx" ... volume element defined
by Riemann metric
v(X) = /w volume of X (if it exists) /(f) = / fw
X X

NOTE: The volume of a manifold exists for every compact manifold.
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.EXERCISE

1) Volume (length) of a 1-dimensional manifold: for X ... a singular cube
c:[0,1] 5t — c(t) € R™ prove that

v(X):O/l\/(dxlg(f))2+...+ (dxﬂg(t))z

and verify for S* C R2.

2) Volume of a 2-dimensional manifold: for X ... a singular cube
c: [0, 1 3 (¢!, v*) = c(ut, u?) € R® prove that

v(X) = / M(dulduz) where
[0,1]*

IxtcIxtc  Ox2cOx’c  Ox3c9xic
8ij = - — + - — + - -
duv’ duo/ duv’ do/ du’ do/
and verify for §2 ¢ R3.
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.EXERCISE: continued

3) Calculate the inertia J; of the 3-dimensional unit sphere in R3,
SP={(x}, ¥, x*) € R®*|(x')? + (x*)* + (x*)? = 1} with respect to
x3-axis, where

J3 — / fé(X17 X27 X3)w fi«;(X17 X2, X3) — (X1)2 + (X2)2
S3

4) Calculate the position (x7, X3, x3) of center of mass of the cone

X : {(xl, X2, x3) eRr® | (x3)2 — (x2)3 — (x1)2 =0,0<x*< 1}

i 1 i
Xo—m/xw

NOTE:In all exercises w is the volume element defined by Riemann metric.
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