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Abstract:

It turns out that key physical theories, usually presented through equations of
motion, are variational, i.e. resulting from certain variational principle. For
solving the corresponding inverse problem (proving the variational nature of the
equations of motion and �nding the corresponding Lagrangian structure), the
variational sequence on �bred manifolds and their �nite prolongations repre-
sents an e�ective geometric tool. Our contribution is focused mainly on physical
applications of the mathematical theory well developed in mathematical litera-
ture. It presents an overview of the inverse problem solution by the variational
sequence for fundamental theories: classical mechanics, electrodynamics, wave
theory, quantum mechanics.

Keywords: �bred manifolds, variational sequences, inverse problem, variational
physics theories

1. Introduction.

Is is well-known that the solution of many key problems of physics is based on
an appropriate variational principle. Research publications are still currently
devoted to variational theories and especially their generalization to various
scienti�c �elds, see e.g. [1, 2]. A strong geometric background for the formulation
of variational theories are �bred manifolds and their jet prolongations, given in
many various publications (for our purposes see e.g. [3, 4, 8, 9], in more detail
with examples and problems e.g. [10]). The solution of a variational problem in
physics means to obtain equations of motion of a physical system as equations
for stationary points of the appropriate functional (action function).

Physical theories are usually formulated on the basis of experimental experi-
ence directly in the form of equations of motion of the studied physical system,
whether in integral or di�erential form. The task of so called inverse problem
of calculus of variations is to �nd the criteria for determining whether a given
set of equations of motion is variational, i.e. whether it results from solving a
certain variational problem. (The reader can �nd the well written overview of
various approaches and sources up to year 2010 in [11].) This problem is e�ecti-
vely solved with the use of variational sequence on �nite jet prolongations of
�bred manifolds. The idea of the �nite variational sequence was �rst formula-
ted by Krupka [12] on the basis of variational bicomplex theory developed by
various authors (let us cite the primary sources for all of them, [13, 14, 15, 16]).
For practical calculations concerning variational nature of physics theories the
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representation of the �nite order variational sequence by forms is useful. Such a
representation was looked for by various authors primarily for mechanics. The
general solution for �eld theory using formally the Euler operator [14] (construc-
ted for in�nite order variation bicomplex automatically ensuring the globality)
was in full given in [17] for �nite order case (there the globality had to be pro-
ven). The results were then applied for solving various problems, see e.g. [18].

We suppose that the interested reader is familiar with basic properties of geo-
metrical objects on �bred manifolds and their jet prolongations � vector �elds,
di�erential forms and their key properties related to the �bred structure of the
underlying manifold. Thus we only summarize these concepts as prerequisites
in Sec. 2.

In Sec. 3 the concept of dynamical forms representing generally equations of
motion is presented, as well as the concept of a variational dynamical form.

Sec. 4 presents the variational sequence on �nite jet prolongations of �bred
manifolds and its representation by di�erential forms constructed with help of
so called Euler operator. In the same section the meaning of such representation
in calculus of variation is explained, including the inverse problem.

In Sec. 5 the general solution of the inverse problem obtained with help of just
mentioned geometrical tools is then applied to equations of motion of key physics
theories (some aspects of classical mechanics, wave mechanics, electrodynamics,
quantum mechanics) proving that these theories are variational, including the
construction of the relevant minimal Lagrangians.

(Naturally, variational theories are related to the issues of symmetries of the
Lagrangian and equations of motion and the corresponding conservation laws.
We do not deal with them here due to the length of the paper, but we refer the
reader to [21]-[25].)

Let us explain the nature and purpose of our contribution in more detail. Va-
riational problems appear in geometry, physics, engineering and other �elds,
even in economics [26]. Their solutions have speci�c forms within these �elds.
However, the variational problem as such has an essentially uniform mathema-
tical background. It is based on the above mentioned abstract general concepts:
�bred manifolds and their jet prolongations and structures de�ned on these
underlying spaces. Mathematics formulate the geometric background as uni�ed
for all variational theories whose equations of motion are based on the variati-
onal principle, i.e. they are Euler-Lagrange equations for stationary points of a
functional formulated on principles of the theory in question.

Physical theories in research and especially in physics teaching are mostly
based directly on equations of motion (given by laws of motion derived from ex-
periment) and work in time-space coordinates. The starting point is not always
a variational functional, even if the theory itself is variational in principle. (For
classical mechanics Newton's second law for conservative forces, for classical
electrodynamics Maxwell's equations as a consequence of Coulomb, Faraday
and Ampere laws, the non-existence of a magnetic monopole and the charge
continuity equation.) It is therefore not usual for the formulations of physical
theories, even well-known ones, to be based on an abstract and coordinate-
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independent mathematical basis. However, such abstract and coordinate free
background discloses the fundamental structure of the relevant physical the-
ory. In particular, it enables the solution of the mentioned inverse variational
problem. Even though the mathematical background for variational physics is
known, and the key classical physical theories are individually developed by
common procedures, we �nd in physics research and teaching the connection
between these two perspectives rather exceptionally.

In short: Mathematics searches for and constructs suitable structures as a
background for physical (and other) theories, but does not solve the correspon-
ding physical problems to the end. Physics proceeds within the framework of
a given theory in solving practical problems and do not search for an abstract
basis.

The goal and supposedly our own bene�t of the contribution is to show and
emphasize the natural context of mathematical and physical approaches on the
examples of the direct connection of general abstract mathematical tools and key
physical theories. Using the �nite order variational sequence as the mathematical
background we show the e�ective solution of the inverse variational problem in
general. (For speci�c theory under consideration it is, of course, important to
assign the corresponding �bred manifold and relevant structures.) We show the
application of the variational sequence in connection with physics using above
mentioned variational physical theories as examples.

The combination of a general uni�ed mathematical background and physics
can be used not only in developing new theories based on the variational prin-
ciple, but also as a didactic tool, especially in advanced physics teaching. Our
contribution is thus not purely research, but it shows the inherence of abstract
mathematics in physical research. It is a certain overview of the use of current
abstract results within the speci�c mathematical area for physical research and
advanced teaching.

Summarized: Both, the physical theories themselves in the �eld of phys-
ics, and the abstract mathematical background in the �eld of mathematics, are
known individually. We see our original contribution in their natural and logical
connection, especially in physics, teaching physics and other relevant applicati-
ons.

2. Geometric background, notations and chart expressions.

In this section, we will summarize in the form of prerequisites and references
to sources the basic concepts and structures on �bred manifolds, essential for
the interpretation of the variational sequence and for the practical solution of
the inverse problem in concrete physical situations. (There are several scienti�c
schools dealing with geometric analysis on �bred manifolds. In this overview
section we rely mainly on the Prof. Krupka's school.)

Underlying spaces and mappings: Fibred manifold (Y, π, X) with base
X, total space Y and the projection π, dimX = n ≥ 1, dimY = m + n,
sections γ of π and their r-jets Jr

xγ in x ∈ X, r-jet prolongation (JrY, πr, X)
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of (Y, π, X), local isomorphisms (α, α0) of (Y, π, X) and their prolongations
(Jrα, α0), [3, 4, 8, 9].

Charts: Fibred chart on (Y, π, X), associated chart on X and associated �bred
charts on (JrY, πr, X) are (V, ψ), (π(V ), φ), (π−1

r (V ), ψr), where V ⊂ Y is an
open subset and

ψ = (xi, yσ), φ = (xi), ψr = (xi, yσ, yσj , . . . , y
σ
j1, ..., jr ), (1)

1 ≤ i ≤ n, 1 ≤ σ ≤ m, 1 ≤ js ≤ n, 1 ≤ s ≤ r, yσj1...js are fully symmetric in
indices j1, . . . , js, dim JrY = n+m

∑r
s=0

(
n+s−1

s

)
. In mechanics n = 1 and

ψ = (t, qσ), φ = (t), ψr = (t, qσ, q̇σ, q̈σ, . . . , qσr ). (2)

Vector �elds, projectable, vertical: Consider vector �elds ξ0 on X, ξ on Y
and ξs on JsY , respetively, 1 ≤ s ≤ r, (see e.g. [3, 4, 20, 10]),

ξ0 = ξi(xj)
∂

∂xi
, ξ = ξi(xj , yν)

∂

∂xj
+ Ξσ(xj , yν)

∂

∂yσ
, . . . (3)

ξs = ξi
∂

∂xi
+ Ξσ ∂

∂yσ
+ · · ·+ Ξσ

Js

∂

∂yσJs

, Js = (j1 . . . js), 1 ≤ s ≤ r,

all components of ξs are functions on JsY , s = |Js| is the length of the multiin-
dex Js.

πr-projectable vector �eld on JrY : (ξ, ξ0), where Tπr ◦ ξ = ξ0 ◦ πr, ξ0 on X is
unique,
πr,s-projectable vector �eld on JrY : (ξ, ξs), Tπr,s ◦ ξ = ξs ◦ πr,s, ξs on JsY is
unique.

ξ0 = ξi0(x
j)

∂

∂xi
, ξs = ξi

∂

∂xi
+

s∑
p=0

Ξσ
Jp

∂

∂yσJp

,

all components of ξs depend only on (xj , yν , yνℓ , . . . , y
ν
ℓ1...ℓs

).

πr-vertical vector �eld on JrY : Tπr ◦ ξ = 0 ⇒ ξi = 0, 1 ≤ i ≤ n.
πr,s-vertical vector �eld on JrY : Tπr,s ◦ ξ = 0 ⇒ ξi, Ξσ, Ξσ

ℓ . . . , Ξ
σ
Ls

= 0,
1 ≤ i ≤ n, 1 ≤ σ ≤ m, Ls = (ℓ1, . . . , ℓs).

Prolongations of vector �elds: Let ξ be a π-projectable vector �eld on Y ,
(αu, αu0), αu : W → Y , α0 : π(W ) → X for u ∈ (−ε, ε), its one parametric
group of local isomorphisms, W ⊂ Y is open set,
r-jet prolongation of ξ: The vector �eld Jrξ, 1 ≤ r, on JrY having the one-
parameter group (Jrαu, αu0). The recursive formula:

ξ = ξi(xj)
∂

∂xi
+ Ξσ(xj , yν)

∂

∂yσ
,

Jrξ = ξi(xj)
∂

∂xi
+ Ξσ(xj , yν)

∂

∂yσ
+

r∑
s=1

Ξσ
jl...js

(xj , yν , . . . yνℓ1...ℓs)
∂

∂yσj1...js
,

Ξσ
j1...js = djsΞ

σ
j1...js−1

− yσj1...js−1ℓ

∂ξℓ

∂xjs
, 1 ≤ s ≤ r. (4)
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Di�erential forms. Antisymmetric covariant k-th order tensor �elds on X, Y
and JsY , respetively, 1 ≤ s ≤ r, operations with forms (algebraic operations,
contraction, pullback, exterior derivative, total derivative, Lie derivative, see e.g.
[3, 4, 5, 10, 20, 28]),

ω : JrY ⊃Wr ∋ y −→ ω(y) ∈ Λk(TyJ
rY ) ⊂ Λk(TJ

rY ), 1 ≤ k ≤ dim JrY,

Wr ⊂ JrY is an open set. A function f on Wr is considered as a 0-form.

ω =

k∑
p=0

r∑
|Jq|=0

AJ1
σ1

· · ·Jp
σp
,ip+1...ik dyσ1

J1
∧ . . . ∧ dy

σp

Jp
∧ dxip+1 ∧ . . . ∧ dxik , (5)

the coe�cients antisymmetric in ip+1, . . . , ik and in multiindices J1
σ1
. . .

Jp
σp .

Horizontal forms on JrY : πr- horizontal k-form: iξω = 0 for every πr-vertical
vector �eld ξ on JrY .

ω = ωi1...ik dx
i1 ∧ . . . ∧ dxik , 1 ≤ k ≤ n.

πr,s-horizontal k-form: iξω = 0 for every πr,s-vertical vector �eld on JrY . In
charts see (5), where 0 ≤ |J1|, . . . , |Jp| ≤ s.

Contact forms on JrY : Jrγ∗ω = 0 for every section γ of π. Contact 1-form
is called 1-contact, horizontal form is called 0-contact.
1-contact k-form, k > 1: iξω is 0-contact, for every πr-vertical ξ .
q-contact k-form, 2 ≤ q ≤ k, k > 2: iξω is (q − 1)-contact for every πr-vertical
ξ.

Ic = Ic(JrY ) = {ω ∈ Λk(TJ
rY ), k ≥ 1 |ω contact}. Properties:

ω ∈ Ic(JrY ) ⇒ ω ∧ η ∈ Ic(JrY ) ∀ η, dω ∈ Ic(JrY ), Ic(JrY ) is an ideal.

Bases adapted to contact structure on JrY and Jr+1Y :

(xi, ωσ, . . . , ωσ
j1...jr−1

, dyσj1...jr ), (xi, ωσ, . . . , ωσ
j1...jr−1

, ωσ
j1...jr ). (6)

ωσ = dyσ−yσi dxi, ωσ
i = dyσi −yσij dxj , . . . , ωj1...js = dyσj1...js −y

σ
j1...jsi dx

i. (7)

Decomposition of forms, horizontalization, contactization: ω ∈ Λk(TJ
rY )

π∗
r+1,rω = hω + p1ω + · · ·+ pkω, where pqω is q-contact, hω = p0ω. (8)

Horizontalization: h : Λk(TJ
rY ) ∋ ω → hω ∈ Λk,X(TJr+1Y ),

q-contactization: pq : Λk(TJ
rY ) ∋ ω → pqω ∈ Λk(TJ

r+1Y ),
contactization: p : Λk(TJ

rY ) ∋ ω → pω = π∗
r+1,rω − hω.

Properties: 1) h(ω ∧ η) = hω ∧ hη, 2) h∂Jrξω = ∂Jr+1ξhω, 3) ω ∈ Ic ⇒
∂Jrξω ∈ Ic, 4) ω ∈ Ic, ζ on JrY and ∂ζω ∈ Ic, then ζ = Jrξ for certain ξ on Y .

3. Dynamical forms, equations of motion and variationality.
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In general, we �nd trajectories of physical systems as solutions of equations of
motion. Trajectories are represented by sections of a �bred manifold (Y, π, X),
where X is the domain of (time-space) variables, a �bre over x ∈ X is the
con�guration space. Equations of motion are given by vanishing of dynamical
form E on JsY along relevant prolongations of trajectories Jsγ. This form is
πs,0-horizontal and 1-contact and in physics it is a�ne in variables yσj1...js :

E = Eσ ω
σ ∧ ω0 = (Aσ +Bj1...js

σν yνj1...js)ω
σ ∧ ω0, E ∈ Λn+1(TJ

sY ), (9)

where ω0 = dx1 ∧ . . .∧ dxn is the volume element on X and coe�cients Aσ and
Bσν are functions on Js−1Y . A section γ is the trajectory of the physical system
if it is a solution of the system of equation E ◦ Jsγ = 0. A detailed explanation
for mechanics see [20]), for �eld theory see e.g. [10].

The problem arises whether the equations of motion are variational, i.e. derivable
from some variational principle, i.e. whether they are equations of extremals
(stationary points) of certain functional (in detail see e.g. in [3, 4, 20] and many
others)

S[γ] =

∫
Ω

Jrγ∗λ, λ = L(xi, yσ, yσj , . . . , y
σ
Jr
)ω0,

λ = Lω0 is the Lagrangian, Ω ⊂ X is a compact set, the pair (π, λ) is the
Lagrange structure. The condition for extremals reads

dS[γu]

du

∣∣∣∣
u=0

=

 d

du

∫
αu0(Ω)

Jrγ∗uλ


u=0

=

∫
Ω

Jrγ∗∂Jrξλ = 0, (10)

where [γu], u ∈ (ε, ε), is the family of sections γu = αu ◦ γ ◦ α−1
u0 de�ned on

αu0(Ω) and ξ (the variation) is the π-projectable vector �eld on Y with one-
parameter group (αu, αu0). In such a case the corresponding dynamical form is
the Euler-Lagrange form of the Lagrangian:

Eλ = p1 dθλ,

where θλ is the Lepage equivalent of the Lagrangian (the πr+1,0-horizontal form
for which hθλ = λ up to a projection). For Eλ it holds (by direct calculation)

Eλ =

[
r∑

ℓ=0

(−1)ℓ dj1 . . . djℓ

(
∂L

∂yσj1...jℓ

)]
ωσ ∧ ω0, (11)

where dj denotes the total derivative operator with respect to xj . For the r-
th order Lagrangian its Euler-Lagrange form is of the order 2r in general. As
examples typical for physics we present the Cartan form for r = 1, n = 1,
L = L(t, qσ, q̇σ), and Poincaré-Cartan form for r = 1, n > 1, L = L(xi, yσ, yσj ):

Eλ =

(
∂L

∂qσ
− d

dt

∂L

∂q̇σ

)
ωσ ∧ dt, Eλ =

(
∂L

∂yσ
− d

dxi
∂L

∂yσi

)
ωσ ∧ ω0.
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The inverse problem means to �nd the solution of the system of equations
Eλ ◦ J2rγ∗ = 0, see (11), with respect to L, i.e. to �nd out whether there
exist functions L such that equations (11) are ful�lled for given components of
the dynamical form. If so, the dynamical form E is called (locally) variational.
In such a case one can obtain by direct calculation based on the well-known
Poincaré lemma the Vainberg-Tonti Lagrangian:

Λ =

yσ 1∫
0

Eσ ◦ χdu

 ω0, (12)

χ : [0, 1]×Wr ∋ (u, xi, yσ, yσj , . . . , y
σ
j1...jr

) → (xi, uyσ, uyσj , . . . , uy
σ
Jr
) ∈ JrY, for

Js = (j1 . . . js), 1 ≤ i, j, j1, . . . , js ≤ n, 1 ≤ s ≤ r, 1 ≤ σ ≤ m, Wr ⊂ JrY
being a speci�c open set, e.g. an open ball.

The last problem is then to �nd the Lagrangian of the minimal possible or-
der, called the minimal Lagrangian. It can be obtained by order reducibility
procedure, see [20, 27].

4. Variational sequence and the inverse problem.

The importance of �nite order variational sequence in physics was mentioned
in Sec. 2. Now we brie�y describe the essence of the variational sequence and
its representation by forms, primarily with the use of its scheme. (For a deeper
understanding of details, especially of local and global aspects of the issue, it
is necessary to turn to the original sources already cited.) Simply speaking, the
variational sequence representation in calculus of variations is an exact sequence
of mappings (closely related to exterior derivative operator) of spaces of di�e-
rential forms, which also includes the well-known Euler-Lagrange mapping assig-
ning to a Lagrangian its Euler-Lagrange form. The kernel of this mapping is the
subspace of trivial Lagrangians. The next mapping in the sequence, Helmholtz-
Sonin mapping, assigns to a dynamical form its Helmohtz-Sonin form, while its
kernel is formed by variational dynamical forms. The problem of �nite order
variational sequence representation by forms in �eld theories was generally and
completely solved in [17]. There the reader will �nd a detailed solution with all
proofs, including the proof of the uniqueness of the representation sequence of
required properties.

The variational sequence on JrY is de�ned as a quotient sequence of the well-
known De Rham sequence on JrY by its subsequence of forms of certain type
of contactness, i.e. forms "variationally irrelevant".

In the scheme on Fig. 1, the symbol Ωr
k, 0 ≤ k ≤ dimY , r ≤ 1, is the more

common notation of Λk(TJ
rY ) in variational sequence theory. The De Rham

sequence of mappings dk : Ωr
k → Ωr

k+1 is exact (im dk−1 ⊆ ker dk). Ωr
k,c is

the space of k-contact k-forms, and Θr
k = Ωr

k,c + dΩr
k−1,c. The sequence of

mappings dk : Θr
k → Θr

k+1 is the exact subsequence of De Rham sequence.
Symbol Ωr

k/Θ
r
k is the quotient of Ωr

k with respect to Θr
k. The short sequence
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{0} →0 Θr
k →1 Ωr

k →2 Ωr
k/Θ

r
k →3 {0}, where 0 →0 0Θr

k
, Θr

k ∋ η →1 η ∈ Ωr
k,

Ωr
k ∋ η →2 [η] ∈ Ωr

k/Θ
r
k, Ω

r
k/Θ

r
k ∋ [η] →3= 0, is exact as well.

By the variational sequence itself we mean the sequence of mappings (W ⊂ JrY
is an open set)

Er
k : Ωr

kW/Θ
r
kW ∋ [η] −→ Er

k([η]) = [dη] ∈ Ωr
k+1W/Θ

r
k+1W. (13)

The variational sequence is also exact. The mappings Er
n and Er

n+1 (Euler-
Lagrange mapping and Helmholtz-Sonin mapping) are directly related to the
calculus of variations. The relation of variational sequences of di�erent order
is given by immersions Ωr

k/Θ
r
k → Ωr+1

k /Θr+1
k . These mappings are injective.

Finally, the following sequence is exact:

{0} −→ Ωr
k/Θ

r
k −→ Ωr+1

k /Θr+1
k −→ (Ωr+1

k /Θr+1
k )/(Ωr

k/Θ
r
k)

Representation by forms: Representation of the variational sequence is the
sequence of mappings for appropriately chosen representatives of classes [η] ∈
Ωr

k/Θ
r
k related to calculus of variations. The corresponding representation map-

ping Rk : Ωr
k/Θ

r
k ∋ [η] → Rk([η]) ∈ Ωs

k (s ≥ r in general) is based on following
natural requirements:R-linearity, exactness (the corresponding sequence of spa-
ces of representatives should be exact), projection property (Rk([Rk([η])]) =
Rk([η])). This means that we obtain the image of a class [η] by applying a cer-
tain operator I to an arbitrarily chosen element of this class, and the result is
always the same and uniquely determined (I2 = I). The mappings Rk are as
follows:

Rk([η]) = I(η) = hη for 0 ≤ k ≤ n, s = r + 1,

Rk([η]) = I(η) for n+ 1 ≤ k = n+ q ≤ P, s = 2r + 1, (14)

Rk([η]) = I(η) = η for P + 1 ≤ k ≤ N, s = r.

Thus, for 0 ≤ k ≤ n, I is horizontalization. For P + 1 ≤ k ≤, I is identity. For
n+ 1 ≤ k = n+ q ≤ P , I means the Euler operator

I : Ωr
n+qW ∋ η −→ 1

q
ωσ ∧

r∑
|J|=0

(−1)|J| dJ

(
∂∂/∂yσ

J
pqη
)
∈ Ω2r+1

n+q W. (15)

It holds (π2r+1)∗η−I(η) ∈ Θ2r+1
n+q W , I2 = I up to a projection, ker I = Θr

n+qW .
For mappings in the representation sequence (W ⊂ JrY )

Ek : Rk(Ω
r
kW/Θ

r
kW ) ∋ Rk[η] −→ Ek(Rk([η])) ∈ Rk+1(Ω

r
k+1W/Θ

r
k+1W )

the commutative diagram holds: Ek ◦ Rk([η]) = Rk+1 ◦ Er
k([η]) = Rk+1([dη])

(Fig. 2).
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Fig. 1. Variational sequence scheme.
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The representation can be summarized in the following commuting diagram
(Fig. 3). Vertical arrows assign to a form η ∈ Ωr

k the unique form representing
its class [η].
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Fig. 3. Representation sequence � k-th term.

By the direct calculation in charts using the rule (14) we can immediately see
the meaning of the representation sequence for practical applications resulting
from its exactness. The terms for n, (n+1) and (n+2) are important for calculus
of variations in physics:

� The representativeRn([λ]) of the class of a Lagrangian λ is the Lagrangian
itself.

� The representative Rn+1([dλ]) of the class [dλ] is the Euler-Lagrange form
of λ.

� λ is the trivial Lagrangian (λ ∈ kerRn, if and only if Rn+1([dλ]) = 0.

� The representative of the class of Euler-Lagrange dynamical formRn+1([Eλ])
is the form Eλ itself.

� The representative Rn+2([dE]) of the class of exterior derivative of a dy-
namical form E is the Helmholz-Sonin form HE .

10



� The dynamical form E is variational, i.e. E ∈ kerRn+1 if and only if
HE = 0.

The last item represents the solution of the inverse problem: Let ϱ be an arbit-
rary (n + 1)-form. The representative of the class [ϱ], Rn+1([ϱ]), is unique due
to above formulated requirements for the representation and it is of the type
of a dynamical form E (say of the s-th order in general, E = Eσ ω

σ ∧ ω0.) Its
Helmholtz-Sonin form, i.e. the representative of the class [dE], Rn+2([dE]) =
I(dI(E)) = I(dI(ϱ)), is

I(dI(E)) =
1

2

2r+1∑
ℓ=0

[(
∂Eν

∂yσj1...jℓ
− (−1)ℓ

∂Eσ

∂yνj1...jℓ
−

−
r∑

p=ℓ+1

(−1)p
(
p

ℓ

)
djℓ+1

. . . djp
∂Eσ

∂yνj1...jℓjℓ+1...jp

 ωσ
j1...jℓ

 ∧ ων ∧ ω0. (16)

For history of the inverse problem up to year 2010 see a very well written paper
[11].

5. Variational physics.

Using the properties of exactness of the variational sequence and its represen-
tation by forms presented in the previous section we have obtained the criteria
(Helmholtz conditions of variationality) for deciding whether (or verifying that)
a given system of equations of motion is variational or not. Now we will pre-
sent an analysis of the equations of motion of key physical theories from the
point of view of solving the inversion problem. We show their variationality,
construct the Vainberg-Tonti Lagrangian and the corresponding minimal order
Lagrangian.

The equations of motion of physical systems, whether in mechanics or in �eld
theories, are standardly second-order a�ne in accelerations, i.e. in coordinates
q̈σ (mechanics) or yσij , 1 ≤ σ ≤ m, 1 ≤ i, j ≤ n. The corresponding dynamical
form is therefore de�ned on J2Y . The Helmholtz conditions (16) obtain the
following form:

∂Eν

∂yσij
− ∂Eσ

∂yνij
= 0,

∂Eν

∂yσi
+
∂Eσ

∂yνi
− 2dj

∂Eσ

∂yνij
= 0, (17)

∂Eν

∂yσ
− ∂Eσ

∂yν
+ dj

∂Eσ

∂yνj
− di dj

∂Eσ

∂yνij
= 0.

For mechanics

∂Eν

∂q̈σ
− ∂Eσ

∂q̈ν
= 0,

11



∂Eν

∂q̇σ
+
∂Eσ

∂q̇ν
− 2

d

dt

∂Eσ

∂q̈ν
= 0, (18)

∂Eν

∂qσ
− ∂Eσ

∂qν
+

d

dt

∂Eσ

∂q̇ν
− d2

dt2
∂Eσ

∂q̈ν
= 0.

There is an alternative and elegant way leading to Helmholtz-Sonin conditions
of variationality in mechanics, see [20]. However, we consider the variational
sequence as quite general and the most e�ective mean for solving the inverse
problem.

Algebraic note: Index lifting or lowering by metric tensor: Only brie�y:
In general for a vector F ∈ V , V being a �nite-dimensional vector space endowed
with covariant metric tensor g, the corresponding covector is F ♭ = iF g, where
iF is the contraction of g by F . And vice versa, for a covector ω ∈ V ∗ the
corresponding vector is ω♯ = iω g̃, where g̃ is the induced contravariant metric
tensor. The situation is extremely simple in Euclidean spaces in orthonormal
bases, where the vector and covector components are equal, i.e. F ♭

j = F j , ω♯,j =
ωj .

5.1 Classical mechanics. The typical form of equations of motion of the
mechanical system withm degrees of freedom isMgσν q̈

ν = Fσ, whereG = (gσν),
1 ≤ σ, ν ≤ m, is the matrix of the covariant metric tensor and quantities Fσ are
the components of the 1-form F ♭ = Fσ dq

σ representing the forces acting on the
mechanical system in consideration. (The vector �eld representing the resulting
force is F .) Then the corresponding dynamical form reads

E = (Fσ −Mgσν q̈
ν)ωσ ∧ dt = (Fσ −Mgσν q̈

ν) dqσ ∧ dt.

Because of the fact that the metric tensor is in principle symmetric and it
depends only on coordinates, the �rst Helmholtz conditions in the set (18) are
automatically ful�lled. The remaining conditions have the form

∂Fσ

∂q̇ν
+
∂Fν

∂q̇σ
= −2M

∂gσν
∂qµ

q̇µ,
∂Fσ

∂qν
− ∂Fν

∂qσ
=

1

2

d′

dt

(
∂Fσ

∂q̇ν
− ∂Fν

∂q̇σ

)
. (19)

It follows from the �rst set of equations (19) that Fσ is the 2-nd degree polyno-
mial in variables q̇ν i.e.

Fσ = Γσνµq̇
ν q̇µ + ϕσν q̇

ν + ψσ, (20)

where functions ϕσν and ψσ can depend on time and coordinates only. Putting
this expression into (19) we obtain

Γσνµ = −M
2

(
∂gσµ
∂qν

+
∂gνσ
∂qµ

− ∂gµν
∂qσ

)
, ϕσν + ϕνσ = 0, (21)

∂ϕσµ
∂qν

+
∂ϕµν
∂qσ

+
∂ϕνσ
∂qµ

= 0,
∂ψσ

∂qν
− ∂ψν

∂qσ
− ∂ϕσν

∂t
= 0. (22)

The elements of the set (Γ) = (Γσνµ) with symmetries resulting from symme-
tries of G are the well-known Christo�el symbols. The quantities (ϕ) = (ϕσν)

12



have the character of the antisymmetric covariant tensor �eld (m independent
components). For m = 3, i.e. (Y, π, X) = (R × R3, p, R) (p being the carte-
sian projection on the �rst factor) the obtained conditions have the well-known
sense: In the Euclidean space and Cartesian coordinates G is the unit matrix
and then (Γ) = (0) and Fi = ϕij ẋ

j + ψi, 1 ≤ i, j ≤ 3. Thanks to second
equation in (21) and transformation properties in such a special case the inde-
pendent components of ϕ can be then interpreted as components of a vector
�eld Φ⃗ = (Φ1, Φ2, Φ3), ϕ23 = −ϕ32 = Φ1 and cycl. Then the �rst equation of
(22) gives div Φ⃗ = 0, and thus Φ⃗ has the form Φ⃗ = rot A⃗. Moreover, the second

condition in (22) gives ∂Φ⃗
∂t +rotψ = 0⃗, i.e. rot

(
∂A⃗
∂t + ψ⃗

)
= 0⃗. Then there exists

a function φ of time and coordinates such that ∂A⃗
∂t + ψ⃗ = −gradφ. The vec-

tor �eld F⃗ obeying the variationality conditions (20�22) can be then (denoting
v⃗ = ˙⃗r = (q̇1, q̇2, q̇3)),

F⃗ = v⃗ × rot A⃗− ∂A⃗

∂t
− gradφ. (23)

This is, of course, the well-known expression for a variational force. The Vainberg�
Tonti Lagrangian

Λ =

qσ 1∫
0

(
u2(Γσνµ ◦ χ)q̇ν q̇µ) + u(ϕσν ◦ χ)q̇ν + ψσ ◦ χ

)
du

 dt

depends of the concrete form of the metric tensor g and the free functions
obeying conditions (22). (A general procedure to reduce the Vainberg�Tonti
Lagrangian in mechanics to obtain the minimal one can be found in [20].)

Variationality of �ctitious forces. The �ctitious forces manifesting in non-
inertial reference frames occur in equations of motion as additional forces gua-
ranteeing the applicability of the 2nd Newton's law. Consider again the �bred
space (R × R3, p, R) with the Euclidean metric tensor, i.e. in Cartesian co-
ordinates (orthonormal base) we have gσν = δσν . Suppose that a non-inertial
reference frame exhibits with respect to inertial ones the translational motion
(acceleration a⃗(t)) and rotational motion (angular velocity ω⃗(t)). The 2nd New-
ton law for a particle (mass M) then includes the �ctitious force F⃗ ∗,

F⃗ ∗ = −M (⃗a+ 2ω⃗ × v⃗ + ω⃗ × (ω⃗ × r⃗) + ε⃗× r⃗) ,

where r⃗ = (q1, q2, q3) and v⃗ = (q̇1, q̇2, q̇3) is the position vector and the velocity
of the particle, respectively, and ε⃗ = ˙⃗ω. (F⃗ ∗ is the sum of the translational, Co-
riolis, centrifugal and Euler forces, a⃗ and ω⃗ are only functions of time.) Suppose
zero real forces. The equations of motion for which the variationality needs to
be veri�ed are

M
d2r⃗

dt2
= F⃗ ∗ =⇒ E = (F ∗

σ −Mδσν q̈
ν) dqσ ∧ dt.

13



Denoting

A⃗ =Mω⃗ × r⃗, then
∂A⃗

∂t
=Mε⃗× r⃗,

φ =Ma⃗r⃗ − M

2
(q1 q2 q3)


ω2
2 + ω2

3 −ω1ω2 −ω1ω3

−ω1ω2 ω2
1 + ω2

3 −ω2ω3

−ω1ω3 −ω2ω3 ω2
1 + ω2

2




q1

q2

q3

 =

=Maσq
σ − 1

2
MΩσνq

σqν ,

we can easily verify that for F⃗ ∗ it holds the relation (23).
For the Vainberg�Tonti Lagragian Λ = L dt and the minimal Lagrangian

λ = Ldt we have

L =

(
−1

2
Mr⃗¨⃗r + A⃗v⃗ − φ

)
, L =

1

2
Mv⃗2 + A⃗v⃗ − φ, L = L+

d

dt

(
1

2
Mr⃗ ˙⃗r

)
.

Using (11) for n = 1 it is easy to verify that both Lagrangians Λ (r=2) and λ
(r=1) lead to the same dynamical form E.

Note: It is usual to denote rot A⃗ = QB⃗, −
(

∂A⃗
∂t + φ

)
= QE⃗, Q being a

constant. Then we can write for variational forces

F⃗ = QE⃗ +Qv⃗ × B⃗, div B⃗ = 0, rot E⃗ = −∂B⃗
∂t
. (24)

Without attributing any meaning to the quantities E⃗ and B⃗ at this point, we
have obtained the known result (obtained by other means): We see that the
variational forces in classical mechanics are of the Lorentzian type.

5.2 Classical electrodynamics. Basic equations of motion in electrodynamics
are of course the well-known Maxwell equations. Their vacuum form is, with
usual meaning of quantities and additional relations

B⃗ = rot A⃗, E⃗ = −gradφ− ∂A⃗

∂t
,

div E⃗ =
ϱ

ε0
, rot E⃗ = −∂B⃗

∂t
, div B⃗ = 0, rot B⃗ = ε0µ0

∂E⃗

∂t
+ j⃗. (25)

For proving their variationality and �nding both, Vainberg-Tonti and minimal
Lagrangian, we will start from their four-dimensional formulation in the con-
travariant form (see the classical textbook [30]). The character of second and
third of them is given by (24) with the relevant interpretation of quantities E⃗
and B⃗.1

1Note that the magnetic induction is not the vector in the true sense of the word, but,

thanks to its transformational properties, is the antisymmetric 2nd order mixed tensor.
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The underlying �bred manifold is (Y, π, X) = (R4 × R4, p, R4) endowed
with Minkowski metric tensor g = Gijdx

i ⊗ dxj (diagonal in orthonormal
bases connected e.g. with standard coordinates (x0, x1, x2, x3) ∈ X, where
x0 = ct is the time coordinate and (xi), i = 1, 2, 3, are Cartesian coordinates,
diagG = (1, −1, −1, −1)). Coordinates on �bres, A0, A1, A2, A3, A0 = c−1φ,
are components of 1-form A = Ai dx

i. (The corresponding vector A⃗ = A♯ (four-
potential) has components (A0, A1, A2, A3), Ai = g̃ijAj , where g̃ is the induced
contravariant metric tensor, G̃ = G−1. So, A0 = A0, Ai = −Ai for 1 ≤ i ≤ 3.)
Coordinates on (J2Y, π2, X) are (xi, Ai, Ai,j , Ai,jk), 0 ≤ i, j, k ≤ 3.

The Maxwell equations with sources (�rst and last in (25)) expressed in the
four-dimensional contravariant version have the form (see [30])

Ei = −1

c

(
ji +

1

µ0

∂F ij

∂xj

)
= 0, (26)

where F = (F ij), 0 ≤ i, j ≤ 3, is the contravariant electromagnetic �eld tensor
de�ned as

F ♭ = Fkℓ dx
k ∧ dxℓ, Fkℓ =

∂Aℓ

∂xk
− ∂Ak

∂xℓ
, F ij = gikgjℓFkℓ. (27)

For Ei we now verify the conditions of variationality (17). It holds

Ei = −1

c

[
ji +

1

µ0
gikgjℓ(Aℓ,kj −Ak,ℓj)

]
.

∂Ei

∂Ap,rs
= − 1

µ0c
gikgjℓ(δℓpδkrδjs − δkpδℓrδjs) = − 1

µ0c
(girgsp − gipgsr)

∂Ep

∂Ai,rs
= − 1

µ0c
gpkgjℓ(δℓiδkrδjs − δkiδℓrδjs) = − 1

µ0c
(gprgsi − gpigsr)

Taking into account the symmetry Aj,rs = Aj,sr for all j, r, s we can see that
the last set of conditions (17) is ful�lled. The remaining conditions are then
ful�lled trivially.

The Vainberg-Tonti Lagrangian is

Λ =

Ai

1∫
0

(Ei ◦ χ) du

 dx0 ∧ dx1 ∧ dx2 ∧ dx3,

χ(xi, Aj , Aj,k, Aj,kℓ) = (xi, uAj , uAj,k, uAj,kℓ).

Λ = −1

c
Ai

(
ji +

1

2µ0
gikgjℓ(Aℓ,kj −Ak,ℓj)

)
dx0 ∧ dx1 ∧ dx2 ∧ dx3.

Subtracting the trivial Lagrangian

− 1

2µ0c
gikgjℓ dj [Ai(Aℓ,k −Ak,ℓ)]ω0 =
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= − 1

2µ0c
gikgjℓ [Ai,j(Aℓ,k −Ak,ℓ) +Ai(Aℓ,kj −Ak,ℓj)] ω0

and taking into account that

Ai,jF ij = −Aj,iF ij ⇒ Ai,jF ij = −1

2
FijF

ij

resulting from the antisymmetry of F we obtain the minimal order Lagrangian
identical with [30]

λ = −1

c

(
jiAi +

1

4µ0
FikF ik

)
ω0. (28)

Using calculations similar to the previous ones, it can be easily veri�ed that
both, Λ and λ, lead to the original dynamical (Euler-Lagrange) form E and
thus to the well-known equations of motion [30].

5.3 Wave equation: The presentation of wave theory is standardly based
directly on the equation of motion � the wave equation (for electromagnetic
�eld resulting from three-dimensional Maxwell equations). Suppose the scalar
wave w = w(t, x1, x2, x3), function of time and Cartesian coordinates,

∆w − 1

v2
∂2w

∂t2
= 0, v is the phase speed.

The adequate geometric basis for this theory is the �bred manifold (Y, π, X) =
(R4×R, π, R4), n = 4, m = 1, π is the Cartesian projection Y → X, the charts
are (V, ψ), ψ = (x0, x1, x2, x3, w), x0 = t, (π(V ), φ), φ = (t, x1, x2, x3),
associated �bred charts on J1Y and J2Y are ψ1 = (xi, w, wi) and ψ2 =
(xi, w, wi, wij), i, j = 0, 1, 2, 3. The corresponding dynamical form is

E = E1ω
1 ∧ ω0 = (− 1

v2
w00 + w11 + w22 + w33)ω

1 ∧ dt ∧ dx1 ∧ dx2 ∧ dx3.

The conditions (17) are trivially ful�lled. The Vainberg-Tonti Lagrangian is

Λ =

w 1∫
0

(− 1

v2
w00 + w11 + w22 + w33)udu

ω0 =
1

2
w(− 1

v2
w00+w11+w22+w33)ω0.

This is the 2nd order Lagrangian. The minimal (1st order) Lagrangian we obtain
by subtracting the trivial Lagrangian

1

2

[
− 1

v2
d0(ww0) + d1(ww1) + d2(ww2) + d3(ww3)

]
ω0,

λ =
1

2

(
− 1

v2
w2

0 + w2
1 + w2

2 + w2
3

)
ω0.

Verifying the variationality in this case was trivial. Note that both Lagrangians,
λ and Λ lead to the wave equation:

∂L

∂w
−di

∂L

∂wi
=
∂L
∂w

−di
∂L
∂wi

+di dj
∂L
∂wij

=

(
− 1

v2
w00 + w11 + w22 + w33

)
= E1.
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5.4 Quantum mechanics: The equation of motion of a quantum mechanical
system is the Schrödinger equation. We will start from its expression in coordi-
nate representation and, for simplicity, consider the one-dimensional motion of a
free particle. (In the case of a particle in three-dimensional space, the underlying
�bred manifold di�ers only in the dimension of the base X, and the equation of
motion is symmetric with respect to the interchange of Cartesian coordinates.)
The essence of the problem will be captured even in this simpli�ed model.

The state of the particle is given by the wave function (complex function of time
and coordinate, x1 = t, x2 = x) ϕ(t, x) = v(t, x)+iw(t, x), v(t, x) = Reϕ(t, x),
w(t, x) = Imϕ(t, x). The underlying �bred manifold is (R2 ×R2, π, R2), local
charts on (Y, π, X),X, (J1Y, π1, X), (J2Y, π2, X): ψ = (t, x, v, w), φ = (t, x),
ψ1 = (t, x, v, w, vt, wt, vx, wx),
ψ2 = (t, x, v, w, vt, wt, vx, wx, vtt, vtx, vxx, wtt, wtx, wxx). Schrödinger equation
reads

iℏ
∂ψ

∂t
+

ℏ2

2m

∂2ψ

∂x2
= 0 =⇒ −ℏ

∂w

∂t
+

ℏ2

2m

∂2v

∂x2
= 0, ℏ

∂v

∂t
+

ℏ2

2m

∂2w

∂x2
= 0,

E = E1ω
1 ∧ dt ∧ dx+ E2ω

2 ∧ dt ∧ dx,

E =

(
−ℏwt +

ℏ2

2m
vxx

)
ω1 ∧ dt ∧ dx+

(
ℏvt +

ℏ2

2m
wxx

)
ω2 ∧ dt ∧ dx.

The calculation proving that the dynamical form E again ful�lls the conditions
(17) is very easy. The Vainberg-Tonti Lagrangian reads

Λ =

v 1∫
0

(
−ℏwt +

ℏ2

2m
vxx

)
udu+ w

1∫
0

(
ℏvt +

ℏ2

2m
wxx

)
udu

 dt ∧ dx,

Λ =

(
ℏ2

4m
(vvxx + wwxx)−

ℏ
2
(vwt − wvt)

)
dt ∧ dx.

Subtracting the trivial Lagrangian ℏ2

4m dx(vvx + wwx) dt ∧ dx and taking into
account that that v = 1

2 (ϕ + ϕ∗), w = 1
2i (ϕ − ϕ∗) we obtain the 1st order

(minimal) Lagrangian

λ =

[
− ℏ2

4m
(v2x + w2

x)−
ℏ
2
(vwt − wvt)

]
dt ∧ dx,

λ =

[
− ℏ2

4m
ϕxϕ

∗
x +

iℏ
4
(ϕ∗ϕt − ϕϕ∗t )

]
dt ∧ dx. (29)

The direct calculation leading to the veri�cation of equations of motion from Λ
and λ is again simple, e.g. for λ:

∂L

∂v
− dt

∂L

∂vt
− dx

∂L

∂vx
= −ℏwt +

ℏ2

2m
vxx,
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∂L

∂w
− dt

∂L

∂wt
− dx

∂L

∂wx
= ℏvt +

ℏ2

2m
wxx.
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