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Abstract:

It turns out that key physical theories, usually presented through equations of
motion, are variational, i.e. resulting from certain variational principle. For
solving the corresponding inverse problem (proving the variational nature of the
equations of motion and finding the corresponding Lagrangian structure), the
variational sequence on fibred manifolds and their finite prolongations repre-
sents an effective geometric tool. Our contribution is focused mainly on physical
applications of the mathematical theory well developed in mathematical litera-
ture. It presents an overview of the inverse problem solution by the variational
sequence for fundamental theories: classical mechanics, electrodynamics, wave
theory, quantum mechanics.
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1. Introduction.

Is is well-known that the solution of many key problems of physics is based on
an appropriate variational principle. Research publications are still currently
devoted to variational theories and especially their generalization to various
scientific fields, see e.g. [1, 2]. A strong geometric background for the formulation
of variational theories are fibred manifolds and their jet prolongations, given in
many various publications (for our purposes see e.g. [3, 4, 8, 9], in more detail
with examples and problems e.g. [10]). The solution of a variational problem in
physics means to obtain equations of motion of a physical system as equations
for stationary points of the appropriate functional (action function).

Physical theories are usually formulated on the basis of experimental experi-
ence directly in the form of equations of motion of the studied physical system,
whether in integral or differential form. The task of so called inverse problem
of calculus of variations is to find the criteria for determining whether a given
set of equations of motion is variational, i.e. whether it results from solving a
certain variational problem. (The reader can find the well written overview of
various approaches and sources up to year 2010 in [11].) This problem is effecti-
vely solved with the use of variational sequence on finite jet prolongations of
fibred manifolds. The idea of the finite variational sequence was first formula-
ted by Krupka [12] on the basis of variational bicomplex theory developed by
various authors (let us cite the primary sources for all of them, [13, 14, 15, 16]).
For practical calculations concerning variational nature of physics theories the



representation of the finite order variational sequence by forms is useful. Such a
representation was looked for by various authors primarily for mechanics. The
general solution for field theory using formally the Euler operator [14] (construc-
ted for infinite order variation bicomplex automatically ensuring the globality)
was in full given in [17] for finite order case (there the globality had to be pro-
ven). The results were then applied for solving various problems, see e.g. [18].

We suppose that the interested reader is familiar with basic properties of geo-
metrical objects on fibred manifolds and their jet prolongations — vector fields,
differential forms and their key properties related to the fibred structure of the
underlying manifold. Thus we only summarize these concepts as prerequisites
in Sec. 2.

In Sec. 3 the concept of dynamical forms representing generally equations of
motion is presented, as well as the concept of a variational dynamical form.

Sec. 4 presents the variational sequence on finite jet prolongations of fibred
manifolds and its representation by differential forms constructed with help of
so called Euler operator. In the same section the meaning of such representation
in calculus of variation is explained, including the inverse problem.

In Sec. 5 the general solution of the inverse problem obtained with help of just
mentioned geometrical tools is then applied to equations of motion of key physics
theories (some aspects of classical mechanics, wave mechanics, electrodynamics,
quantum mechanics) proving that these theories are variational, including the
construction of the relevant minimal Lagrangians.

(Naturally, variational theories are related to the issues of symmetries of the
Lagrangian and equations of motion and the corresponding conservation laws.
We do not deal with them here due to the length of the paper, but we refer the
reader to [21]-[25].)

Let us explain the nature and purpose of our contribution in more detail. Va-
riational problems appear in geometry, physics, engineering and other fields,
even in economics [26]. Their solutions have specific forms within these fields.
However, the variational problem as such has an essentially uniform mathema-
tical background. It is based on the above mentioned abstract general concepts:
fibred manifolds and their jet prolongations and structures defined on these
underlying spaces. Mathematics formulate the geometric background as unified
for all variational theories whose equations of motion are based on the variati-
onal principle, i.e. they are Euler-Lagrange equations for stationary points of a
functional formulated on principles of the theory in question.

Physical theories in research and especially in physics teaching are mostly
based directly on equations of motion (given by laws of motion derived from ex-
periment) and work in time-space coordinates. The starting point is not always
a variational functional, even if the theory itself is variational in principle. (For
classical mechanics Newton’s second law for conservative forces, for classical
electrodynamics Maxwell’s equations as a consequence of Coulomb, Faraday
and Ampere laws, the non-existence of a magnetic monopole and the charge
continuity equation.) It is therefore not usual for the formulations of physical
theories, even well-known ones, to be based on an abstract and coordinate-



independent mathematical basis. However, such abstract and coordinate free
background discloses the fundamental structure of the relevant physical the-
ory. In particular, it enables the solution of the mentioned inverse variational
problem. Even though the mathematical background for variational physics is
known, and the key classical physical theories are individually developed by
common procedures, we find in physics research and teaching the connection
between these two perspectives rather exceptionally.

In short: Mathematics searches for and constructs suitable structures as a
background for physical (and other) theories, but does not solve the correspon-
ding physical problems to the end. Physics proceeds within the framework of
a given theory in solving practical problems and do not search for an abstract
basis.

The goal and supposedly our own benefit of the contribution is to show and
emphasize the natural context of mathematical and physical approaches on the
examples of the direct connection of general abstract mathematical tools and key
physical theories. Using the finite order variational sequence as the mathematical
background we show the effective solution of the inverse variational problem in
general. (For specific theory under consideration it is, of course, important to
assign the corresponding fibred manifold and relevant structures.) We show the
application of the variational sequence in connection with physics using above
mentioned variational physical theories as examples.

The combination of a general unified mathematical background and physics
can be used not only in developing new theories based on the variational prin-
ciple, but also as a didactic tool, especially in advanced physics teaching. Our
contribution is thus not purely research, but it shows the inherence of abstract
mathematics in physical research. It is a certain overview of the use of current
abstract results within the specific mathematical area for physical research and
advanced teaching.

Summarized: Both, the physical theories themselves in the field of phys-
ics, and the abstract mathematical background in the field of mathematics, are
known individually. We see our original contribution in their natural and logical
connection, especially in physics, teaching physics and other relevant applicati-
ons.

2. Geometric background, notations and chart expressions.

In this section, we will summarize in the form of prerequisites and references
to sources the basic concepts and structures on fibred manifolds, essential for
the interpretation of the variational sequence and for the practical solution of
the inverse problem in concrete physical situations. (There are several scientific
schools dealing with geometric analysis on fibred manifolds. In this overview
section we rely mainly on the Prof. Krupka’s school.)

Underlying spaces and mappings: Fibred manifold (Y, 7, X) with base
X, total space Y and the projection 7, dmX = n > 1, dimY = m + n,
sections v of 7 and their r-jets J.v in « € X, r-jet prolongation (J"Y, 7., X)



of (Y, m, X), local isomorphisms («, ag) of (Y, m, X) and their prolongations
(J e, ), [3, 4, 8, 9]

Charts: Fibred chart on (Y, 7w, X)), associated chart on X and associated fibred
charts on (J"Y, 7, X) are (V, ), (7(V), ¢), (7 1(V), ¥,), where V C Y is an
open subset and

/ll) = (‘,Ei’ Z/U)a ¥ = (xi)a ¢r = (xiv yaa 111377 sty y?l,‘,,’jr% (1)
1<i<n 1<o<m1<js<n 1<s<ryj ; are fully symmetric in
indices j1, ..., js, dimJ"Y =n+m > _, (""*7"). In mechanics n = 1 and

v=01q"), ¢=@1), ¥o=(4¢",4",4 ..., q7). (2)

Vector fields, projectable, vertical: Consider vector fields §; on X, £ on Y
and & on J®Y, respetively, 1 < s <r, (see e.g. [3, 4, 20, 10]),

— (.7 RO N 2 =0 () Y
60 g (ZU )81‘17 5 f (1‘ Y )8113'3 + ('T Y )ayo7 (3)
. 0 0 0
o= d vz D= O L= (g, 1S <
g 3 Ot + aya + + Js 8y§5 J (.]1 J ) ST

all components of & are functions on J*Y, s = |J,| is the length of the multiin-
dex J,.
m-projectable vector field on J"Y: (£, &), where T'm,. 0 & = &g o mp, & on X is
unique,
mr,s-projectable vector field on J'Y: (€, &), Tnps0& = & 0Ty s, € On J°Y is
unique.

i 0 ;0 > 7]
fo=Eh(a))5 s, & =€ o+ Y 5

o’ I ayg
p=0 pr

all components of &, depend only on (7, y*, y7, ..., yf )

m-vertical vector field on J'Y : Tm,0é =0=¢"=0,1<i<n.

. s-vertical vector field on J'Y: Tm.s0& = 0 = £, =57, 57 ..., =7. =0,
1§Z§n,1§0—§m7 Ls:(ela"';gs)‘

Prolongations of vector fields: Let £ be a w-projectable vector field on Y,
(s Quo)y i = W =Y, g : (W) — X for u € (—¢, €), its one parametric
group of local isomorphisms, W C Y is open set,

r-jet prolongation of & The vector field J"¢, 1 < r, on J"Y having the one-
parameter group (J"ay, ayg). The recursive formula:

=& (2! -+ =92, yY)——
§=¢8@) g5+ (x,y)ay(,,
0 . 0 - . 0
JE=E())— +E (a7, y)=— + E o € T 1/ A I0 R
ort aya — Ji---Js £y.. L ayjl...js
—o —o - S
Sgieds djs‘:jl‘“js—l Y Geoat 8Ij s L<s<mr (4)
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Differential forms. Antisymmetric covariant k-th order tensor fields on X, Y
and J*Y, respetively, 1 < s < r, operations with forms (algebraic operations,
contraction, pullback, exterior derivative, total derivative, Lie derivative, see e.g.
[3, 4, 5, 10, 20, 28)]),

w: JJYDOW, 5y — w(y) € Af(T,JY) CA(TJTY), 1<k <dimJ"Y,

W, C J"Y is an open set. A function f on W, is considered as a 0-form.

k r
w= Z Z Al iz sipproin AYTE A A dy;; A dx'»tt AN datt, (5)
p=0|J,4|=0

J Jp

the coefficients antisymmetric in i1, ..., i and in multiindices ;! ...57.

Horizontal forms on J"Y: .- horizontal k-form: i¢w = 0 for every m,-vertical
vector field £ on J7Y'.

W= Wi, i dz ' AL A dxi’“, 1<k<n.

k
mr,s-horizontal k-form: i¢w = 0 for every m, ;-vertical vector field on J"Y. In
charts see (5), where 0 < |.J1], ..., |Jp| < s.

Contact forms on J'Y: J"v*w = 0 for every section y of 7. Contact 1-form
is called 1-contact, horizontal form is called O-contact.

1-contact k-form, k > 1: icw is O-contact, for every m,-vertical £ .

g-contact k-form, 2 < ¢ < k, k > 2: icw is (¢ — 1)-contact for every m,-vertical
£.

I.=Z.(J7Y) ={w € A,(TJ"Y), k > 1|w contact}. Properties:

weLJY)mwAneZ(JY)Vn, dweZ.(JY), Z.(J'Y) is an ideal.

Bases adapted to contact structure on J'Y and J 'Y

o o 7 o o

(xi» Wy ey wjl...jr_la dy;'rl...jr)v (CU y Wiy ey wjl...jr_lv w;'fl...jr)‘ (6)

w? = dy? —y? dz’, w? = dy? -y da’, ... wj. . = Ay, . =Y dz’. (7)

Decomposition of forms, horizontalization, contactization: w € A, (T J"Y)
Ty w0 = hw + p1w + - + prw, where p,w is g-contact, hw = pow. (8)

Horizontalization: h: A(TJ"Y) 3 w — hw € A x (TJ™TY),
q-contactization: py : A (TJ"Y) 2 w — pw € A (TJ™TY),

contactization: p: Ap(TJ"Y) 3w — pw =7 W — hw.

Properties: 1) h(w A1) = hw A hn, 2) hdjrew = 0yr+1chw, 3) w € I, =

Ojrew €Ze, 4) w eI, (on J'Y and Oqw € I, then ¢ = J"¢ for certain { on Y.

3. Dynamical forms, equations of motion and variationality.



In general, we find trajectories of physical systems as solutions of equations of
motion. Trajectories are represented by sections of a fibred manifold (Y, 7, X),
where X is the domain of (time-space) variables, a fibre over z € X is the
configuration space. Equations of motion are given by vanishing of dynamical
form E on J®Y along relevant prolongations of trajectories J*v. This form is
7s,0-horizontal and 1-contact and in physics it is affine in variables y7, ., :

E=FE,w” Nwy=(Ag+ Bl 7yl Yw” Awy, E€N1(TIY), (9)

where wg = dat A ... A dz™ is the volume element on X and coefficients A, and
B, are functions on J°~1'Y. A section v is the trajectory of the physical system
if it is a solution of the system of equation F o Jy = 0. A detailed explanation
for mechanics see [20]), for field theory see e.g. [10].

The problem arises whether the equations of motion are variational, i.e. derivable
from some variational principle, i.e. whether they are equations of extremals
(stationary points) of certain functional (in detail see e.g. in [3, 4, 20] and many
others)

S[] =/JW*>\, A=L(" v,y ., ¥, wo,
Q

A = Luwy is the Lagrangian, Q C X is a compact set, the pair (m, \) is the
Lagrange structure. The condition for extremals reads

dS[y.]
du

d
= | — T*)\ = T A% 7,)\: 1
T /J% /Jvfbs 0, (10)
Q

awuo(92) u=0

u=0

where [v,], u € (g, €), is the family of sections v, = a, 0y o a,y defined on
auo(Q) and £ (the variation) is the m-projectable vector field on Y with one-
parameter group (o, aug). In such a case the corresponding dynamical form is
the Euler-Lagrange form of the Lagrangian:

E)\ =D de}\a

where 0 is the Lepage equivalent of the Lagrangian (the 7,11 o-horizontal form
for which hfy = X up to a projection). For E) it holds (by direct calculation)

i(—l)e djl e djg <8aL>‘| w? /\(,«.}07 (11)

Ey = ~
/=0 Yjr...ge

where d; denotes the total derivative operator with respect to x;. For the -
th order Lagrangian its Euler-Lagrange form is of the order 2r in general. As
examples typical for physics we present the Cartan form for r = 1, n = 1,
L = L(t, ¢°, ¢°), and Poincaré-Cartan formforr = 1,n > 1, L = L(x*, y°, y7):

oL  d oL oL d oL
B= (2 4 ond, By= (P ALY o
3 <8q‘7 dt@qo) Wi dh B <8y‘7 a7 ayg> WA




The inverse problem means to find the solution of the system of equations
Ey\ o J"v* = 0, see (11), with respect to L, i.e. to find out whether there
exist functions L such that equations (11) are fulfilled for given components of
the dynamical form. If so, the dynamical form FE is called (locally) variational.
In such a case one can obtain by direct calculation based on the well-known
Poincaré lemma the Vainberg-Tonti Lagrangian:

1
A= y”/anxdu wo, (12)
0

x:[0,1] x W, > (u,wi,y",y}’,...7yj°71.__jr) — (a:i,uy",uy?, couyg ) € JTY, for
Jo=01--7s), 1 <4, 4, 41,..,Js <m, 1<s<r, 1<oc<m,W,CJY
being a specific open set, e.g. an open ball.

The last problem is then to find the Lagrangian of the minimal possible or-
der, called the minimal Lagrangian. It can be obtained by order reducibility
procedure, see [20, 27].

4. Variational sequence and the inverse problem.

The importance of finite order variational sequence in physics was mentioned
in Sec. 2. Now we briefly describe the essence of the variational sequence and
its representation by forms, primarily with the use of its scheme. (For a deeper
understanding of details, especially of local and global aspects of the issue, it
is necessary to turn to the original sources already cited.) Simply speaking, the
variational sequence representation in calculus of variations is an exact sequence
of mappings (closely related to exterior derivative operator) of spaces of diffe-
rential forms, which also includes the well-known Fuler-Lagrange mapping assig-
ning to a Lagrangian its Euler-Lagrange form. The kernel of this mapping is the
subspace of trivial Lagrangians. The next mapping in the sequence, Helmholtz-
Sonin mapping, assigns to a dynamical form its Helmohtz-Sonin form, while its
kernel is formed by variational dynamical forms. The problem of finite order
variational sequence representation by forms in field theories was generally and
completely solved in [17]. There the reader will find a detailed solution with all
proofs, including the proof of the uniqueness of the representation sequence of
required properties.

The variational sequence on J"Y is defined as a quotient sequence of the well-
known De Rham sequence on J"Y by its subsequence of forms of certain type
of contactness, i.e. forms "variationally irrelevant".

In the scheme on Fig. 1, the symbol 2}, 0 < k£ < dimY, r < 1, is the more
common notation of Ax(7TJ"Y) in variational sequence theory. The De Rham
sequence of mappings dj : Qp — Qp,, is exact (imdg—1 C kerdy). Q . is
the space of k-contact k-forms, and ©) = € . + dQj_; .. The sequence of
mappings di : O} — Op, is the exact subse’quence of De Rham sequence.
Symbol €},/07, is the quotient of ], with respect to ©}. The short sequence



{0} =0 e = Qp =2 Qp/6; —* {0}, where 0 =0 0or, ©F 3 1 =' 1 € Q,
Qr 3 —2[n] € Q. /05, QL/O% 2 [n] =3=0, is exact as well.

By the variational sequence itself we mean the sequence of mappings (W C J"Y
is an open set)

B« QGW/OLW 3 ] — Ej(In)) = [dn] € Qf,W/O5, W.  (13)

The variational sequence is also exact. The mappings E] and Ej , (Euler-
Lagrange mapping and Helmholtz-Sonin mapping) are directly related to the
calculus of variations. The relation of variational sequences of different order
is given by immersions Qf /07 — QZH/@ZH. These mappings are injective.
Finally, the following sequence is exact:

{0} — Qp/0F — /O — (/61 /(24/65)

Representation by forms: Representation of the variational sequence is the
sequence of mappings for appropriately chosen representatives of classes [n] €
7. /©7, related to calculus of variations. The corresponding representation map-
ping Ri = Q,/07% 3 [n] = Re([n]) € QF (s > r in general) is based on following
natural requirements: R-linearity, ezactness (the corresponding sequence of spa-
ces of representatives should be exact), projection property (Ri([Ri([n])]) =
Ri([n])). This means that we obtain the image of a class [] by applying a cer-
tain operator Z to an arbitrarily chosen element of this class, and the result is
always the same and uniquely determined (Z? = 7). The mappings R}, are as
follows:

Ri(ln)) = Z(m)=hn for 0<k<n, s=r-+1,
Ri(ln])) = Z(n) for n+1<k=n+q¢g<P, s=2r+1, (14)
Ri(ln])) = Z(n)=nfor P+1<k<N, s=r.

Thus, for 0 < k < n, T is horizontalization. For P + 1 < k <, 7 is identity. For
n+1<k=n+q< P, 7 means the Euler operator

1 . .
I:Q, Wanp— ?UUA > (=nld, (aa/ay; pq77> e QW (15)
|J]=0

It holds (72" +1)*n—Z(n) € O 'W,I? = T up to a projection, ker Z = O, , /W

For mappings in the representation sequence (W C J"Y)
&+ Ri(QW/OLW) 3 Ri[n] — E(Ri([n])) € R (5 W/ O W)

the commutative diagram holds: & o Ri([n]) = Ri41 0 E([n]) = Ri41([dn])
(Fig. 2).



{0} {0} {0} {0}

d T_v_m um A Tum wm z . Lam T T
10/50— - — 10/ V——" 0/ — 10/
3 3
HJrM_MTn_ d ! k4 T 0,
0 e o 0 0 —— O o [0]
T p p p p p p p
{0} PWe— v —l— - —T0 Ke) {0}
nU Tn_ﬁ V_U TV_U N—u Hﬁ

{0} {0} {o} {o}

FiG. 1. Variational sequence scheme.



E,

——Q'W/O'W

R Kul

g er<+lW / ®IZ+1W

—RQW/IOW) QWO W) —

&y

Fic. 2. Commutation diagram for £} and &].

The representation can be summarized in the following commuting diagram
(Fig. 3). Vertical arrows assign to a form n € Qf, the unique form representing
its class [n].

d :
QW : > QW

7 7

— R(QW [ OW) " R, (W /O, W)—

FiG. 3. Representation sequence — k-th term.

By the direct calculation in charts using the rule (14) we can immediately see
the meaning of the representation sequence for practical applications resulting
from its exactness. The terms for n, (n+1) and (n+2) are important for calculus
of variations in physics:

e The representative R, ([A]) of the class of a Lagrangian A is the Lagrangian
itself.

e The representative R, 41 ([dA]) of the class [dA] is the Euler-Lagrange form
of .

e ) is the trivial Lagrangian (A € ker R,,, if and only if R, ([d\]) = 0.

o The representative of the class of Euler-Lagrange dynamical form R, 41 ([Ex])
is the form FE, itself.

e The representative R, 12([dE]) of the class of exterior derivative of a dy-
namical form E is the Helmholz-Sonin form Hg.

10



e The dynamical form FE is variational, i.e. F € ker R,; if and only if
Hg =0.

The last item represents the solution of the inverse problem: Let ¢ be an arbit-
rary (n + 1)-form. The representative of the class [9], Rn+1([0]), is unique due
to above formulated requirements for the representation and it is of the type
of a dynamical form F (say of the s-th order in general, F = E, w’ A wq.) Its
Helmholtz-Sonin form, i.e. the representative of the class [dE|, R,12([dE]) =
T(AZ(E)) = Z(dZ(0)), is

2r+1
1 OFE JF,
I(dZ(E)) = 5 ( —— = (1) -
2 zz—% Yjs..ge ayjl---j/z
: D OFE, - y
p=L+1 Ji---Jeje+1---Jp

For history of the inverse problem up to year 2010 see a very well written paper
[11].

5. Variational physics.

Using the properties of exactness of the variational sequence and its represen-
tation by forms presented in the previous section we have obtained the criteria
(Helmholtz conditions of variationality) for deciding whether (or verifying that)
a given system of equations of motion is variational or not. Now we will pre-
sent an analysis of the equations of motion of key physical theories from the
point of view of solving the inversion problem. We show their variationality,
construct the Vainberg-Tonti Lagrangian and the corresponding minimal order
Lagrangian.

The equations of motion of physical systems, whether in mechanics or in field
theories, are standardly second-order affine in accelerations, i.e. in coordinates
{° (mechanics) or Y7, 1 <o <m, 1 <4, j < n. The corresponding dynamical
form is therefore defined on J2?Y. The Helmholtz conditions (16) obtain the
following form:

oFE, B ok,
dyg; vy ’
OFE, OE, 0E,
— —2d;,— =0, 17
oyr Ty " Yoy (an
oF, OFE, oE, 0E,
— +d,; —d;d;=— =0.
oye  oyr 7 oyy "oy
For mechanics
0E, O0FE,
oge o
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0B, 0B, 0B, _

o o Cdtogr
0E, O0E, d0E, d°0E,
o o T dtog a2 oqr

(18)

There is an alternative and elegant way leading to Helmholtz-Sonin conditions
of variationality in mechanics, see [20]. However, we consider the variational
sequence as quite general and the most effective mean for solving the inverse
problem.

Algebraic note: Index lifting or lowering by metric tensor: Only briefly:
In general for a vector F' € V| V being a finite-dimensional vector space endowed
with covariant metric tensor g, the corresponding covector is F* = ipg, where
ip is the contraction of g by F. And vice versa, for a covector w € V* the
corresponding vector is w# = 4,,§, where § is the induced contravariant metric
tensor. The situation is extremely simple in Euclidean spaces in orthonormal
bases, where the vector and covector components are equal, i.e. FJb = FJ whi =
OJj.

5.1 Classical mechanics. The typical form of equations of motion of the
mechanical system with m degrees of freedom is Mg, ¢ = F,,, where G = (g,4,),
1 < o, v < m, is the matrix of the covariant metric tensor and quantities F, are
the components of the 1-form F” = F, dq representing the forces acting on the
mechanical system in consideration. (The vector field representing the resulting
force is F.) Then the corresponding dynamical form reads

E=(F, — Mgs,g")w® A dt = (Fy — Mgy,G")dq° A dt.

Because of the fact that the metric tensor is in principle symmetric and it
depends only on coordinates, the first Helmholtz conditions in the set (18) are
automatically fulfilled. The remaining conditions have the form

OF, OF, 89, ., OF, 0F, 1d (aFg 6Fl,)

— oM _ _ -2 _
o g7 ol B "o 2dt\dg  dg

(19)

It follows from the first set of equations (19) that F, is the 2-nd degree polyno-
mial in variables ¢” i.e.

F, = Fauuqu.u + (bquy + waa (20)

where functions ¢,, and 1, can depend on time and coordinates only. Putting
this expression into (19) we obtain

M (09op  Ogvs  Oguv
2 \ dq¢” gt dq°
a¢o’u a(buu 6¢V0' 61/%7 awy a¢0u
= O —_— — —
Oq” + 0q° + Ogqt ’
The elements of the set (I') = (I'5,,,) with symmetries resulting from symme-
tries of G are the well-known Christoffel symbols. The quantities (¢) = (¢o.)

Fm/,u, = -

) ) ¢O’V + ¢ua = Oa (21)

= 0. (22)
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have the character of the antisymmetric covariant tensor field (m independent
components). For m = 3, i.e. (Y, m, X) = (R x R3, p, R) (p being the carte-
sian projection on the first factor) the obtained conditions have the well-known
sense: In the Euclidean space and Cartesian coordinates G is the unit matrix
and then (I') = (0) and F; = ¢;;#7 + v, 1 < i, j < 3. Thanks to second
equation in (21) and transformation properties in such a special case the inde-
pendent components of ¢ can be then interpreted as components of a vector
field ® = (P, @2, B3), do3 = —¢b32 = ®! and cycl. Then the first equation of

(22) gives div ® = 0, and thus & has the form ® = rot A. Moreover, the second
condition in (22) gives %—‘f +rote =0, i.e. rot (% + J) = (. Then there exists
A

a function ¢ of time and coordinates such that 887 + g/_f = —grad . The vec-

tor field F' obeying the variationality conditions (20-22) can be then (denoting

v=7=(q" ¢ ¢*)),
a . 94
F:ﬁxrotA—aa—t—gradgo. (23)

This is, of course, the well-known expression for a variational force. The Vainberg—
Tonti Lagrangian

1

A= qU/ (u2(FUVlL 0 x)q"q") + u(¢on © X)§" + s 0 X) du| dt
0

depends of the concrete form of the metric tensor g and the free functions
obeying conditions (22). (A general procedure to reduce the Vainberg-Tonti
Lagrangian in mechanics to obtain the minimal one can be found in [20].)

Variationality of fictitious forces. The fictitious forces manifesting in non-
inertial reference frames occur in equations of motion as additional forces gua-
ranteeing the applicability of the 2nd Newton’s law. Consider again the fibred
space (R x R?, p, R) with the Euclidean metric tensor, i.e. in Cartesian co-
ordinates (orthonormal base) we have g,, = d,,,. Suppose that a non-inertial
reference frame exhibits with respect to inertial ones the translational motion
(acceleration d(t)) and rotational motion (angular velocity ¢(¢)). The 2nd New-
ton law for a particle (mass M) then includes the fictitious force F*,
F*= —M@+28 X T+& x (@ x7)+&x7),
where 7 = (¢', ¢2, ¢°) and ¥ = (', ¢?, ¢°) is the position vector and the velocity
of the particle, respectively, and £ = . (ﬁ* is the sum of the translational, Co-
riolis, centrifugal and Euler forces, @ and & are only functions of time.) Suppose
zero real forces. The equations of motion for which the variationality needs to
be verified are
d3?7

My = F* — E=(Ff — M6,,{")dq¢° A dt.

13



Denoting

» - 0A o
A=Mdx7, then — = M&X T,
ot
w% + w3 —wiws —WiWws q1
. M o5 5 2 2 2
o= Mar— ?(q ¢ )| —wiwr witws —wws ¢ | =
—WiWws3 —WaoWs3 w% + w% q3

1
= Maaqa - §MQo'VquV7

we can easily verify that for F* it holds the relation (23).
For the Vainberg-Tonti Lagragian A = L£dt¢t and the minimal Lagrangian
A = Ldt we have

1 e o N B d /1. .,
ﬁ—(—2Mrr+Av—<p>, L—in + AT — o, L—C—i—dt<2M7ﬂr>.

Using (11) for n = 1 it is easy to verify that both Lagrangians A (r=2) and A
(r=1) lead to the same dynamical form FE.

Note: It is usual to denote rot A = QB, — (% + <p) = QF, @ being a
constant. Then we can write for variational forces
L . 9B
F=QFE+QixB, divB=0, rotE:—E. (24)
Without attributing any meaning to the quantities E and B at this point, we

have obtained the known result (obtained by other means): We see that the
variational forces in classical mechanics are of the Lorentzian type.

5.2 Classical electrodynamics. Basic equations of motion in electrodynamics
are of course the well-known Maxwell equations. Their vacuum form is, with
usual meaning of quantities and additional relations

- - A
B=rotA, FE=—grady — aa—t,

s 1A 0 n aé 1 = 8E_: -
divE = — tE=——, divB=0 t B = —— . 25
iv = ro 5 v , TO Eolo o +j (25)
For proving their variationality and finding both, Vainberg-Tonti and minimal
Lagrangian, we will start from their four-dimensional formulation in the con-
travariant form (see the classical textbook [30]). The character of second and
third of them is given by (24) with the relevant interpretation of quantities E
and B.!

INote that the magnetic induction is not the vector in the true sense of the word, but,
thanks to its transformational properties, is the antisymmetric 2nd order mixed tensor.

14



The underlying fibred manifold is (Y, 7, X) = (R* x R*, p, R*) endowed
with Minkowski metric tensor ¢ = G;jdz’ @ dz? (diagonal in orthonormal
bases connected e.g. with standard coordinates (2, z!, 2%, 23) € X, where
20 = ct is the time coordinate and (z%), i = 1, 2, 3, are Cartesian coordinates,
diag G = (1, —1, —1, —1)). Coordinates on fibres, Ag, Ay, As, Az, Ag = c Lo,
are components of 1-form A = A; dz'. (The corresponding vector A = A? (four-
potential) has components (A%, A, A% A3), A® = g¥ A;, where § is the induced
contravariant metric tensor, G = G1. So, A° = A, A" = —A; for 1 <i < 3.)
Coordinates on (J?Y, 72, X) are (2, A;, A; j, Ai ), 0 <4, j, k <3.

The Maxwell equations with sources (first and last in (25)) expressed in the
four-dimensional contravariant version have the form (see [30])

‘ 1/. 1090FU
Ei=—Z(ji4+—Z"—)= 2
<] + o 07 > 0, (26)

where F = (F%¥), 0 <1, j < 3, is the contravariant electromagnetic field tensor
defined as

0A 0A g o
=L r FU =gkt R, (27)

b k 0
F’ = Freda” A da”, ]:kg—@—axe,

For E' we now verify the conditions of variationality (17). It holds

. 17, 1 ., .
E' === i+ —g" g (Ar = Agj)

Ho
— = 4t (5 67"5'5_5 57"6'5 — = (8D _ 4P ST
94, . o (8ep0krdjs — Orpderdis) “OC(Q g°? —g'Pg°")
OEP 1 , 1 . ,
- pk 5l 515 7"5'9751'57’5'9 — = (aPT 4St _ Pt ST
9hirs v (80i0kr0js — OkiGerdjs) Moc(g g —g"g"")

Taking into account the symmetry A;,.s = A, for all j, r, s we can see that
the last set of conditions (17) is fulfilled. The remaining conditions are then
fulfilled trivially.

The Vainberg-Tonti Lagrangian is
1
A= Ai/(E" ox)du | dz® A dz' A dz? A da?,
0

X&', Az, Ajk, Ajre) = (2°, uAj, uAj g, uAj ).
1 ) 1 . .
A=—-A; (]Z + Tglkgﬂ(A&kj — Ak’gj)> dz® A dz' A dz? A d2d.
c Ho

Subtracting the trivial Lagrangian

I it
- di[A;(Apr — A =
QM()CQ g J[ ( L,k k,e)}wo

15



1 X .
- 72791ng6 [Aij(Aor — Are) + Ai(Aprj — Arej)] wo
HoC

and taking into account that
Aid‘fzj = *Ajﬂ'f” = Ai,jf” = *ifijF”

resulting from the antisymmetry of F we obtain the minimal order Lagrangian
identical with [30]

1 . 1 .
A= — = (lei + ]—'Z-k]-'”“) Wo. (28)
c 4110

Using calculations similar to the previous ones, it can be easily verified that
both, A and ), lead to the original dynamical (Euler-Lagrange) form E and
thus to the well-known equations of motion [30].

5.3 Wave equation: The presentation of wave theory is standardly based
directly on the equation of motion — the wave equation (for electromagnetic
field resulting from three-dimensional Maxwell equations). Suppose the scalar
wave w = w(t, v, 22, 3), function of time and Cartesian coordinates,

1 0%w

Y2 e

The adequate geometric basis for this theory is the fibred manifold (Y, =, X) =

(R*xR,m, R*), n =4, m = 1, 7 is the Cartesian projection Y — X, the charts

are (Va 7/}); Y = (Ioa ‘Tla :C27 1‘3, w)a ¥ = i, (W(V), 90)7 Y = (ta xlv 127 1'3)1

associated fibred charts on J'Y and J?Y are ¢; = (2%, w, w;) and vy =
(2%, w, wi, wij), i, j =0, 1, 2, 3. The corresponding dynamical form is

=0, v is the phase speed.

1
E=Fiw' Aw = (——Qwoo + w1 + wa + ’LU33)0J1 A dt A dat A dz? A daB.
v

The conditions (17) are trivially fulfilled. The Vainberg-Tonti Lagrangian is
1
1 1 1
A= lw (—vjwoo + w11 + wa2 +wsz) udu | wo = iw(—vﬁwoo+w11+wzz+w33) wo-
0

This is the 2nd order Lagrangian. The minimal (1st order) Lagrangian we obtain
by subtracting the trivial Lagrangian

1 1
5 |:—1]2d0(ww()) + dl(wwl) + dg(’LUU)Q) + dd(WW3):| wo,
1 1 2 2 2 2
A= 5\ T2 +wi +w; +w3 | wo.

Verifying the variationality in this case was trivial. Note that both Lagrangians,
A and A lead to the wave equation:

oL oL o oc ot (1 N
ow " Ow; T dw " Ow; ¢ ]awij - vszO w11 + Wag + w3z | = L.
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5.4 Quantum mechanics: The equation of motion of a quantum mechanical
system is the Schrédinger equation. We will start from its expression in coordi-
nate representation and, for simplicity, consider the one-dimensional motion of a
free particle. (In the case of a particle in three-dimensional space, the underlying
fibred manifold differs only in the dimension of the base X, and the equation of
motion is symmetric with respect to the interchange of Cartesian coordinates.)
The essence of the problem will be captured even in this simplified model.

The state of the particle is given by the wave function (complex function of time
and coordinate, z! = t, 2% = z) ¢(t, z) = v(t, ) +iw(t, x), v(t, ¥) = Re ¢(¢, z),
w(t, z) = Im ¢(t, z). The underlying fibred manifold is (R? x R?, m, R?), local
chartson (Y, 7, X), X, (JY, 71, X), (J2Y, mo, X):9p = (¢, z, v, w), p = (t, x),
Y1 = (t, @, v, W, v, Wi, Vg, We),

Yo = (t, 2,0, W, Ve, Wi, Uy Wey Uty Vigy Vs Wity Wea, Wey ). Schrodinger equation
reads
oY h? 0% ow  h? 0% ov k0w
ih—+——==0—= -h——+—7—==0, h—+——== =0
ot + 2m Oz2 ot * 2m Ox2 ot + 2m 0z ’

= Fiw'AdtA de+ Esw? A dE A da,
2

2m "

2
(—hwt + hvm> WA dEA dz + (hvt +

“) WA dt A da.
2m

The calculation proving that the dynamical form E again fulfills the conditions
(17) is very easy. The Vainberg-Tonti Lagrangian reads

1 2 1 .
A= v/ —hwy + —Vgy udu+w/ hvy + — Wy, | udu| dt A dz,
2m 2m
0 0

hQ
A= (4m(vvm + Wwgy) —

[

(vwy — wvt)) dt A dz.

Subtracting the trivial Lagrangian % d(vu, + ww,)dt A dz and taking into
account that that v = %(d) + 0", w = %(gb — ¢*) we obtain the 1st order
(minimal) Lagrangian

2

A= {—zn(vﬁ +w?) — g(th - wvt)] dt A dez,
h? in

A= |- bets + 00— 000)| dna, (29)

The direct calculation leading to the verification of equations of motion from A
and A is again simple, e.g. for A:

oL oL oL
Ov Y ou, COvy YT o e
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oL oL d oL hon + K2
— —di— —dy=—— = vy + — Wy
ow t owy Owy E T om
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