“Words differently arranged have a different meaning and meanings differently arranged
have a different effect.”
Blaise Pascal (1623-1662)

Chapter 6

Difference Equations and Z-transforms

There are many concepts in science and engineering that can be approached
from either a discrete or a continuous viewpoint. For example, consider how you
might record the temperature outside at some specific place as a function of time.
One technique would be to purchase a chart recorder capable of measuring and
plotting the temperature as a function of time. This would give a continuous
record of the temperature over some interval of time. Another way to record
the temperature would be to measure the temperature, at the specified place,
at discrete time intervals. The contrast between these two methods is that one
method measures temperature continuously while the other method measures
the temperature in a discrete fashion.

In any laboratory experiment, one must make a decision as to how data from
the experiment is to be collected. Whether discrete measurements or continuous
measurements are recorded depends upon many factors as well as the type of
experiment being considered. The techniques used to analyze the data collected
depends upon whether the data is continuous or discrete.

The investment of money at compound interest is an example of a physical
problem which requires analysis of discrete values. Say, $1,000.00 is to be in-
vested at R percent interest compounded quarterly. How do we determine the
discrete values representing the amount of money available at the end of each
compound period? To solve this problem, we let Py denote the amount of money
initially invested, R the percent interest yearly with § & =i the quarterly inter-
est and P, the principal due at the end of the nth compound period. We can
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then set up the equations for the determination of P,. We have

P, = Initial amount invested

P, = Py + Pyi = Py(1+1)

Py =P, + Pyi= Pi(1+1i) = Py(1 +14)?
P3 = Py + Pyi = Py(1414) = Py(1+14)3

P,=P, 1+ P, 1i=P, 1(1+1i)=Py(1+4)"

For i = 1-& and P, = 1,000.00, figure 6-1 illustrates a graph of P, vs time, for

a 30 year period, where one year represents four payment periods. In this figure
values of R for 4%, 5.5%, 7%, 8.5% and 10% were used in the above calculations.
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Figure 6-1. Return from $1,000 investment compounded quarterly over 30 year period.

In this chapter we investigate some techniques that can be used in the analysis
of discrete phenomena like the compound interest problem just considered.

The study of calculus has demonstrated that derivatives are the mathemat-
ical quantities that represent continuous change. We find that if we replace
derivatives (continuous change) by differences (discrete change), then linear or-
dinary differential equations become linear difference equations. We shall inves-
tigate these difference equations and find ways to construct solutions to such
equations.

In the following discussions, note that the various techniques developed for
analyzing discrete systems are very similar to many of the methods used for
studying continuous systems.
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Differences and Difference Equations

Consider the function y = f(x) illustrated in the figure 6-1 which is evaluated
at the equally spaced z—values of zy,z1,22,...,2,, 2p41,... Where z,.; =z, + h for
n=0,1,2,..., where h is the distance between two consecutive points.
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Figure 6.2. Discrete values of y = f(z).

Let y, = f(z,) and consider the approximation of the derivative j—g at the
discrete value z,. By using the definition of a derivative we may write the

approximation as
d_y ~ Yn+1 — Yn
dl’ aB=aBy h )

This is called a forward difference approximation. By letting » =1 in the above
equation, we can define the first forward difference of y,, as

Ayn = Yn+1 — Yn- (6.1)

There is no loss in generality in letting h = 1, since we can always rescale the
z-axis by defining the new variable X defined by the transformation equation
x = xo + Xh, then when = = z¢, 2o + h, zg + 2h,...,x9 + nh,... the scaled variable X
takes on the values X =0, 1, 2,...,n,....

Define the second forward difference as a difference of the first forward dif-
ference. A second difference is denoted by the notation A2y, and

A2yn = A(Ayn) = Ayn+1 - Ayn = (yn+2 - yn+1) - (yn+1 - yn) (6 2)

or A2yn = Yn4+2 — 2yn+1 F Yn-

Higher ordered difference are defined in a similar manner. A nth order forward
difference is defined as differences of (n — 1)st forward differences for n =2,3,....
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Analogous to the differential operator D = AL, there is a stepping operator E
defined as follows:

Eyn = Yn+1
Ezyn = Yn+2
(6.3)
Emyn = Yn+m-

From the definition given by equation (6.1) we can write the first ordered differ-
ence

AYn =Ynt1 —Yn = Byn —yn = (E - 1)yn

which illustrates that the difference operator A can be expressed in terms of the
stepping operator E and
A=FE-1. (6.4)

This operator identity, enables us to express the second-order difference of y, as
Ay, = (B —1)%yn
= (E? —2E + 1)y,
= E%y,, — 2Eyp, + Yn
= Yn+2 = 2Un+1 + Yn-

Higher order differences such as A3y, = (E—1)3y,, A%y, = (E—1)%y,,... and higher
ordered differences are quickly calculated by applying the binomial expansion to
the operators operating on y,,.
Difference equations are equations which involve differences. For example,
the equation
La(yn) = A%y, =0

is an example of a second-order difference equation, and
Ll(yn) = Ay, — 3y, =0

is an example of a first-order difference equation. The symbols L;(), Ly() are
operator symbols. Using the operator E, the above equations can be written as

L2(yn) = AQ:UTL = (E - 1)2:Un = Ynt2 — 2Ynt1 + Yo =0 and
Ly (yn) = Ayp — 3yn = (E - 1)yn —3Yn = Yn+1 — 4yn =0,

respectively.



There are many instances where variable quantities are assigned values at
uniformly spaced time intervals. We shall be interested in studying these discrete
variable quantities by using differences and difference equations. An equation
which relates values of a function y and one or more of its differences is called
a difference equation. In dealing with difference equations one assume that the
function y evaluated at z,, and its differences Ay,, A2y,,..., are all defined for
every number z in some set of values {zq, zo+h, 29+2h,...,zo+nh,...}. A difference
equation is called linear and of order m if it can be written in the form

L(yn) = ao(N)Yn+m + a1(M)Yntm-1+* + @m-1(N)Yn+1 + am(n)yn = g(n), (6.5)

where the coefficients a;(n), i = 0, 1, 2,...,m, and the right-hand side g(n) are
known functions of n. If g(n) # 0, the difference equation is said to be nonhomo-
geneous and if g(n) = 0, the difference equation is called homogeneous.

The difference equation (6.5) can be written in the operator form

L(yn) = [a0(n)E™ + a1(n)E™ " + -+ - + am—1(n) E + am(n)]yn = g(n),

where E is the stepping operator.

A mth-order linear initial value problem associated with a mth-order linear
difference equation consists of a linear difference equation of the form given in
the equation (6.5) together with a set of m initial values of the type

Yo =CQp, Y1 =01, Y2=02, ..., Yn—-1=O0np_1,

where oy, ai,..., a,,_1 are specified constants.

Difference equations may be solved using techniques which are very similar
to the solution methods associated with ordinary differential equations. All the
concepts and theorems derived for linear differential equations have analogs in
the study of linear difference equations. Instead of presenting each derivation,
we list the following summary of these important results. In this summary D.E.
can represent either “differential equation” or “difference equation”.

1. An nth-order, linear, homogeneous D.E. possesses n independent solutions.
2. The general solution of an nth-order, linear D.E. has n arbitrary constants.

3. The general solution of an nth-order, linear, nonhomogeneous D.E. can be
formed by adding the general complementary solution of the homogeneous
equation to any particular solution of the nonhomogeneous equation.
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4. If two independent solutions of a linear, homogeneous D.E. are known, then
any linear combination of these solutions is also a solution.

5. If n-independent solutions to a linear, nth-order, homogeneous D.E. are
known, then any linear combination of these solutions produces the general
solution.

6. An nth-order linear initial value problem associated with a D.E. possesses a
unique solution.

The above analogies between difference equations and differential equations
can be anticipated if one writes the forward difference approximation of a deriva-

<4 gnd A is the difference

tive in operator form as Dy = lim 2Y ywhere D =
Y h—0 77> dx

operator.

Example 6-1.
Show Ad* = (a —1)a*, for a constant and k an integer.
Solution: Let y, = a*, then by definition

Ayp = Yrp1 — yp = a1 —af = (a — 1)d”.

Example 6-2.
The function
KNV = k(b —1)(k—2)--- [k — (N —2)][k — (N —1)], k0 =1

is called a factorial polynomial, see equation (4.72). Here k™ is a product of N
terms.
Show AEINI = N kN1 for N a positive integer and fixed.
Solution: Observe that the factorial polynomials are
KO =1, M=k k¥ =kk-1), E&=kk-1)(k-2),

Use y, = k!N and calculate the forward difference
Aye = Yop1 — yo = (k + 1)IM — k]

= k+D)(K)(Kk-1)---[k+1—-(N-1)]—-k(k—1)(k—2)---[k— (N = 2)][k — (N —1)]

[ (&

k[N -1] Kkl

Vv
N-—1]

which simplifies to

Ay ={(k+1) = [k — (N — 1)} N1 = NpIN-1,



Example 6-3.
Verify the forward difference relation

A(UkVi) = UpgAVy + Vi1 AU

Solution: Let y, = U,V;, then we can write

Ayr = Yk+1 — Yk
= Up11Vir1 — U Vi + [Up Vi1 — U Vi1
= Ur[Vis1 — V] + Vas1[Urq1 — Ui
— UpAVi + Vi1 AU

Special Differences

The table 6.1 contains a list of some well known forward differences which
are useful in many applications. The verification of these differences is left as an
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exercise.
Table 6.1 Some common forward differences
1. Ad* = (a — 1)a*
N _ 7 p[N-1 kN1 is factorial function
2. AR = N FNE N fixed See equation (4.72)
3. Asin(a + Bk) = 2sin(3/2) cos(a + 3/2 + Bk) a, 3 constants
4. Acos(a + Bk) = —2sin(8/2) sin(a + 3/2 + Bk) a, 3 constants
K\ [ k " o .
5. A( N) = ( . 1) N fixed (») are binomial coefficients
A(K) = k(k!)
7. A(Uka) = U, AV, + Vk+1AUk
1\ _ -N kv 1s factorial function
8. A (km>  kvgn Briiveed See equation (4.72)
9. Ak? =2k +1
10. Alogk =log (1 + 1/k)
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Finite Integrals

Associated with finite differences are finite integrals. If Ay, = fi, then the

function y,, whose difference is fy, is called the finite integral of f,. The inverse

of the difference operation A is denoted A~! and one can write y, = A7lf;,

if Ay = fr. For example, consider the difference of the factorial function k",
defined by equation (4.72). If Akl = nkl=1 then A~'nkl*~1 = kM. Associated
with the difference table 6.1 is the finite integral table 6.2. The derivation of the

entries is left as an exercise.

Table 6.2 Some selected finite integrals

13

1. Ailak = — a ;é 1
a—1
1y kY k" is factorial function

2. AT = T See equation (4.72)

1. - —1 _
3. | A7 sin(a+ gk) = 3em(3/2) cos(a — B3/2 + k) a, 3 constants

1

-1 . . .
4. | A7 cos(a+ Bk) = 35n(3/2) sin(a — 3/2 + Bk) a, 3 constants
5. A‘l(k) = ( g ) nfized (¥) are binomial coefficients

n n+1 "
1 [n] _ (CL 2y bk)[n—l—l]

6. A7 (a + bk) 1) a,b constants.

Summation of Series

Let yxy1 — yx = fr, then one can substitute £ =0,1,2,... to obtain

Y1 — Yo =Jfo
Y2 — Y1 =f1
Y3 — Y2 =f2

Yn — Yn—1 :fnfl
Yn+1 — Yn =Jn

Adding these equations one obtains

n
B +1 +1
Zfi =Ynt1 — Yo = A 1fi}?=o = Yilico
i—0

(6.6)

where Ay, = fi.




One can verify that by adding the equations (6.6) from some point i = m to n,
one obtains the more general result

n

— n+1 n
Z fi=Ynt1—Ym = A 1fi}i:m = yz]z:Jrnlz (6.7)

i=m

Example 6-4.
Evaluate the sum

S$=1-242-343-44---+n(n+1)

Solution: Let f, = k(k +1) = k? + k and show one can write f; as the factorial
function f, = (k + 1)!?. Therefore,

n n+1

- n i +1)13 )8l 93]
S=) fi=) ((+1)P=A1f] i G4 D S
i=1

< i=1 3 | 3 3

which simplifies to S = %n(n +1)(n+ 2).

Difference Equations with Constant Coefficients

Difference equations arise in a variety of situations. The following are some
examples of where difference equations arise in applications. In assuming a
power series solution to differential equations, the coefficients must satisfy certain
recurrence formula which are nothing more than difference equations. In the
study of stability of numerical methods there occurs difference equations which
must be analyzed. In the computer simulation of various types of real-world
processes, difference equations frequently occur. Difference equations also are
studied in the areas of probability, statistics, economics, physics, and biology. We
begin our investigation of difference equations by studying those with constant
coefficients as these are the easiest to solve.

Example 6-5.
Given the difference equation

Yntl — Yn —2Un—1 =0

with the initial conditions yo =1, 3 = 0. Find values for y, through 0.
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Solution: In the given difference equation, replace n by n + 1 in all terms, to
obtain

Yn+2 = Yn+1 + 2yna

then one can verify

n =0, Y2 =y1+2yo =2
n=1, Ys=Y2+ 2y =2
n=2, Ys=ys+2y2=6

n =3, Ys = Ya +2y3 =10
n =4, Yo = Y5 + 2ys = 22
n=>, Y7 =y + 2y5 = 42
n =6, Ys = y7 + 2y = 86
n="17, Yo = Tg + 2y7 = 170
n =8, Y10 = Yo + 2ys = 342.

|
The study of difference equations with constant coefficients closely parallels
the development of ordinary differential equations. Our goal is to determine
functions y, = y(n), defined over a set of values of n, which reduce the given
difference equation to an identity. Such functions are called solutions of the dif-
ference equation. For example, the function y, = 3" is a solution of the difference
equation y,.1 — 3y, = 0 because 3! —3.3" =0 for all n =0, 1, 2,.... Recall that
for linear differential equations with constant coefficients we assumed a solution
y(z) = exp(wz). We did this to obtain the characteristic equation and charac-
teristic roots associated with the differential equation. When z = n, we obtain
y(n) = y, = exp(wn) = A", where A\ = exp(w) is a constant. This suggests in our
study of difference equations with constant coefficients that we should assume a
solution of the form y, = A", where ) is a constant. Analogous to ordinary linear
differential equations with constant coefficients, we find that a linear, nth-order,
homogeneous difference equation with constant coefficients has associated with
it a characteristic equation with characteristic roots A1, Xs, ..., \,. The character-
istic equation is found by assuming a solution y, = A", where ) is a constant.
The various cases that can arise are illustrated by the following examples.



