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7 kazdého zobrazeni f: V — B, kde B je asociativni algebra s jednickou a
f(v)f(v) = —g(v), lze jednoznacné zkonstruovat f: C(V,g) — B.




4. Cliffordova algebra je superalgebra

Zo-gradace: Specielné vezméme inverzi *: v — —v. Ziejmé plati ** = id a
C(V,9) = C°(V,g) © C*(V, g).

Také plati (AB)* = A*B* takze C*(V, g)C’(V,g) C C*TI(V,g).



4. Cliffordova algebra je superalgebra

Zo-gradace: Specielné vezméme inverzi *: v — —v. Ziejmé plati ** = id a
C(V.g) = C°(V.g) & C* (V. 9g).

Také plati (AB)* = A*B* takze C*(V, g)C’(V,g) C C*TI(V,g).

Tenzorovy soucin algeber A ® B.

(a®b)(a" @b") = (aa’) @ (b').



4. Cliffordova algebra je superalgebra

Zo-gradace: Specielné vezméme inverzi *: v — —v. Ziejmé plati ** = id a
C(V.g) = C°(V.g) & C* (V. 9g).

Také plati (AB)* = A*B* takze C*(V, g)C’(V,g) C C*TI(V,g).

Tenzorovy soucin algeber A ® B.

(a®b)(a" @b") = (aa’) @ (b').

Jiny tenzorovy souéin pro Z, graduované algebry A®B

(ab)(a'@) = (1)1 (aa")& (1),



4. Cliffordova algebra je superalgebra

Zo-gradace: Specielné vezméme inverzi *: v — —v. Ziejmé plati ** = id a
C(V,g) =C°(V,g) @ C'(V,9).
Také plati (AB)* = A*B* takze C*(V, g)C’(V,g) C C*TI(V,g).
Tenzorovy soucin algeber A ® B.
(a®b)(a @b) = (aa’) @ (bY).
Jiny tenzorovy souéin pro Z, graduované algebry A®B
(a@b)(a'&b') = (=1)1P1¢' (aa")& (V).
Véta: Necht V = V; @ V5 je ortogonalni rozklad. Pak plati

C(V7 g) = C(Vl7 gl)®0(v27 92)
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CR%1,1) 2Ma(R): 1 (§9),e1—~ (0 1) aear—= ()
Na prvni pohled napt. vidime C ® H = M5 (C).

Dalsi Cliffordovy algebry mtizeme dostat indukci. Napr. plati

C(R,k+2,0) 2 C(R,0,k)®C(R,2,0) a C(R,0,k+2) =2 C(R,k,0)®C(R,0,2)
konkrétné jsou izomorfizmy v obou pripadech dany jakoe; — 1 ®e;, 1 =1,2

R )%H:1|—>1,eln—>ia62|—>j

a e, ei_2®eje, 1> 3.

Obecné plati C(R,k + 8,¢) = C(R, k, £+ 8) = C(R, k,£) @ Myg(R).
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M ¢ (H) Mq2g (R)

Mj g (R) Mj6(C) M g (H) @ Mg (H) Mg4 (C) Mj 28 (R) @ Mas6 (R)
M g (H) Mj 28 (R)
Mg (H) Mg4 (R)
Mg (C) Mg (H) ® M g (H) M32(C) Mg4 (R) ® Mj2g (R) Mj28(C)
Mg (H) Mg4 (R)
My (H) M32 (R)
My (H) &) Mg (H) M6 (C) M32 (R) ® Mgg4 (R) Mg4 (C) Mg 4 (H)
My (H) M32 (R)

My (H) Mjg (R) Mg (H)
@ My (H) Mg (C) Mj e (R) @ M32 (R) M35 (C) M3 (H) @
Mo (H) Mjg (R) M3 (H)

Mg (R) M g (H)
Mo (H) My (C) Mg (R) ® Mjg (R) M6 (C) M ¢ (H) e M3 (H)
Mg (R) M ¢ (H)
My (R) Mg (H)
Mg (C) My (R) ® Mg (R) Mg (C) Mg (H) ® M g (H) M35 (C)
My (R) Mg (H)
Mo (R) My (H)
Mg (R) ® My (R) My (C) My (H) @ Mg (H) M6 (C) M32 (R)
Mo (R) My (H)
R Mo (H) Mg (R)
) My (R) Mg (C) Mg (H) ) My (H) Mg (C) Mg (R) @
R Mg (H) Mj 6 (R)
H Mg (R)
R C H @ Mo (H) My (C) Mg (R) @ Mg (R)

H Mg (R)
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My (H) &) Mg (H) M6 (C) M32 (R) ® Mgg4 (R) Mg4 (C) Mg 4 (H)
My (H) M32 (R)

My (H) Mjg (R) Mg (H)
@ My (H) Mg (C) Mj e (R) @ M32 (R) M35 (C) M3 (H) @
Mo (H) Mjg (R) M3 (H)

Mg (R) M g (H)
Mo (H) My (C) Mg (R) ® Mjg (R) M6 (C) M ¢ (H) e M3 (H)
Mg (R) M ¢ (H)
My (R) Mg (H)
Mg (C) My (R) ® Mg (R) Mg (C) Mg (H) ® M g (H) M35 (C)
My (R) Mg (H)
Mo (R) My (H)
Mg (R) ® My (R) My (C) My (H) @ Mg (H) M6 (C) M32 (R)
Mo (R) My (H)
R Mo (H) Mg (R)
) My (R) Mg (C) Mg (H) ) My (H) Mg (C) Mg (R) @
R Mg (H) Mj 6 (R)
H Mg (R)
R C H @ Mo (H) My (C) Mg (R) @ Mg (R)

H Mg (R)
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6. Komplexni Cliffordovy algebry

Zde je situace podstatné jednodussi.

C(C,1) 2CasC

C'(C,2) =2 My(C)

a pro vyssi dimenze plati C(C,k+2) = C(C, k) C(C,2) = C(C, k) @ M3(C).

Komplexni Cliffordovy algebry C(C, 2k) ziskdme komplexifikaci realné
Cliffordovy algebry C (R, k, k) a komplexni Cliffordovy algebry C(C, 2k 4 1)
komplexifikaci C'(R, k, k + 1).

Komplexni Cliffordovu algebru C'(C, 4) ziskdme komplexifikaci libovolné
realné Cliffordovy algebry C(R, k, ¢) pro k + ¢ = 4.



7. Reprezentace Cliffordovych algeber

Definice: Necht W% @ W' je Zy-graduovany modul nad R nebo C.
Zobrazeni f: C(V,g)W — W nazveme Cliffordovou akci, jestlize je sudé, tj.

FICO(V,g), WOy c WO, f(CH(V,g), W) c WP,



7. Reprezentace Cliffordovych algeber

Definice: Necht W% @ W' je Zy-graduovany modul nad R nebo C.
Zobrazeni f: C(V,g)W — W nazveme Cliffordovou akci, jestlize je sudé, tj.

FICO(V,g), WOy c WO, f(CH(V,g), W) c WP,

Ekvivalentné mtizeme mluvit o reprezentaci C(V, g) — End(W).



7. Reprezentace Cliffordovych algeber

Definice: Necht W% @ W' je Zy-graduovany modul nad R nebo C.
Zobrazeni f: C(V,g)W — W nazveme Cliffordovou akci, jestlize je sudé, tj.

FICO(V,g), WOy c WO, f(CH(V,g), W) c WP,

Ekvivalentné mtizeme mluvit o reprezentaci C(V, g) — End(W).

Zavedeme jesté operaci reverze v Cliffordoveé algebre. Tenzorova algebra,
T(V) ma involuci danou a homogennich prvcich obracenim poiradi
VMR- QU — U X -+ ®v1. Protoze zachovava ideal I, prenese se 1 na

Cliffordovu algebru
()7 C(V,9)=C(V.g).
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8. Jedna zajimava reprezentace

Uvazujme W = AV, pro v € V definujeme vnéjsi soucin
oA ARV S AL AU VAV AL A, € AFTLY
a vnitrni soudin

va: A*V s 0. AL /\Uk—>z Z 1Gvvi)vl/\.../\@i/\.../\’vkEAk_lv

Prov € V a p € AV je dano zobrazeni f jako

1
f(v.p) = 5 Ap—vap), plicemz(v A —v 1)?p = —2g(v)p,

takZe celkové dostaneme f(v)? = —g(v) a f definuje Cliffordovu akci.
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Cliffordova grupa Pin(V, g) — mnozina vSech invertibilnich prvki
A e CO(V,g) takova, ze AVA™! C V spolu s nasobenim v C(V, g).

specialni Cliffordova grupa Spin(V, g) — podgrupa sudych prvki
Cliffordovy grupy

Kazdy prvek A Cliffordovy grupy indukuje linearni transformaci
f(A): V 3v— AvA~! € V, kterd je ortogonélni transformaci Q(V, g). Navic
je zobrazeni Pin(V,g) 3 A— f(A) € O(V, g) reprezentaci Pin(V, g), které

Iikame vektorova reprezentace.

Pokud v € Pin(V,g) NV, potom g(v) #0 a f(v): V—V je zrcadleni V
vzhledem k nadroviné ,kolmé“ na v.

Je-li dim V' = 2k + 1, pak f(Pin(V,g)) = f(Spin(V,g)) = SO(V, g) a je-li
dim V' = 2k, pak f(Pin(V,g)) = O(V,g) a f(Spin(V, g)) = SO(V, g).



