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RIEMANNOVSKA STRUKTURA
(M, g)
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NEHOLONOMNI STRUKTURA
(M, D, D+, g)

!
!

SUBRIEMANNOVSKA STRUKTURA
(M, D, g)



Subriemannovska struktura (M, D, g)

Délka horizontalni krivky:

MwaﬂMW=/VMMWMt

— vzdalenost — metricky prostor

Chow-Rashewski theorem

kometrika: hladky ez G bandlu
SYTM)CTMQTM — M
B T*M = TM, v(fy() = Glv, 1)q
hamiltonian:

H:T*M 5 [q.v] — H(q,v) = %@(q)(u, ) ER



Véta o normalnich geodetikach: vecht
C(t) = (v(t),p(t)) je Teseni Hamiltonovych diferencidlnich

rovnic na 1M pro subriemannovsky hamiltonian H :

oH | OH
= —, pi=——
op;’ oxt’
a necht ~y(t) je projekce tohoto reseni na M. Pak kaZdy do-
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statecné maly oblouk krivky v je (jedind) subriemannovskd

geodetika spojujict jeho koncové body.



Subriemannovska konexe:

V T(T*M)xI(T*M) > [n,v] = Vyv € I(T™M)
e V je R-linearni v obou argumentech
o V je C°M-linearni v prvnim argumentu
o Vy(fv) = fVpv + (B on)(f)v

normalni:

o Vv + Vun = dgv + 9g,n — d(v(B(n)))

Rovnice geodetik normalni konexe, tj.
autoparalelnich krivek:

it =g (w(t))p; (1
pj(t) = =T (@(t)pi(t)px(t)
gt
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Mo je rovnice:
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Neholonomni struktura (M, D, DL, q)

Neholonomni (Koszulova) konexe:
V:I'(D) x I'(D) — I'(D)
o VixY = fVxY
o Vx(fY)=X(/)Y + fVxY
metricka a bez torze:
e Vg=10
o VY —VyX - X Y]p=0

Rovnice neholonomnich geodetik, tj. au-
toparalelnich krivek:

() + Tep(v ()4 (1)3°(t) = 0



Kdy je neholonomni geodetika zaroven
subriemannovskou?

o Je-li distribuce D geodeticky invariantni v
T'M, pak kazZda neholonomni geodetika struk-
tury (M, D, D+, g) je normdini subrieman-
novskou geodetikou subriemannovské struk-
tury (M, D, g).

e Distribuce D je geodeticky invariantni v’ I’ M
prave tehdy, kdyZ mnozZina neholonomnich
geodetik struktury (M, D, D+, g) spljvd s mno-
Zinou Riemannovych geodetik struktury (M, g)
(kde g = gp) tecnych k D.



Riemannova varieta (M, g)

Variacénl mechanika
neholonomnich systémii

Alternativa — Cetajevovy rovnice
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Priklad 1.

0 0

Xy = 2 2L

1 ox y@z
0 0

Xo= 2 422

2= 5y "oz
D = (X1, Xo)

9(X;, X;) = d;;
Subriemannovské rovnice:

T=0— Y7,

y=p+uz,

s= (2" +y7)y + (Br — ay),
a=—a7" = B,

B=—yy" +an,

4 =0.



Subriemannovské geodetiky:

A
x:?cos(Kt%—gO) + C,

A
y:?SiH(Kt—FQO) + D,

A’ DA

A
+% sin(Kt + ) + E.

x=At + C,
y=DBt+ D,
2=(BC —AD)t+ E.



Neholonomni struktura s obecnou volbu
doplnku:

DL (X3)
0 0
X3 = f ay + h@
h + fy gx #£ 0

Neholonomni rovnice:

. 24) L
— -+ :
x h+fy_gl,(gy fz)
2
o )
J h+fy_gx(9y fz)

z=—xY + yx.



Diskuse:

Doplnék | f | ¢ h X = y =
1. 00 1 0 0
3. Tz |y 1 20(yy + z1) | —22(yy + 1)
4. z |y 1l —20(yy + xx) | 2&(yy + o)
5. 10| 1—y 20 —20
6. 10| 14+ 201 —24y
7. 1|1 |1—y+z| 2@+ —2&(y + @)
8. |—1| 1 [1l4+y+z| 2uly—1) —2i&(y — %)

TTeti rovnice je vzdy stejna, je to rovnice vazby:

i = gx — iy

Geodetiky Riemannovy struktury s ne-
holonomni vazbou (prvni a druhy dopl-

nék)

Prvni doplnék — distribuce je geode-
ticky invariantni



Fyzikalni ulohy - brusle

4 V(t+At) = (X(t+At), y(t +At))

g:tanz —> qycosz—xsinz =0
X

Distribuce D:

0 s,
X1 =cos z% + sin Za_y
0
Xo =5~ 9(X;, X;j) = 0;;
Doplnék D+
s, s,

X3 = X7, Xo] =sin Zp  COS Z(?_y



Neholonomni geodetiky:

x(t) zgsin (At+ B)+ D

A
y(t) = —%COS (At+ B)+ E
2(t)=At+ B

x(t)=(Ccos B)t + D
y(t)=(CsinB)t+ E
2(t)=B



Rovnice pro subriemannovsté geodetiky:

a=0 = a=R,

B=0 = B=025,
1
A= 5[}%2 — SQ] sin2z — RS cos 2z,
T = cos z|R cos z + S'sin z|,
y =sin z| R cos z + S'sin 2|,

z="1.



Fyzikalni tlohy - planimetr

O =1xsint) —ycosb

yA

Rovnice geodetik Riemannovy struktury
s neholonomni vazbou

(1 + sin? @) — §jsin 6 cos @ + 60 sin @ cos § + yfsin® = 0,
—i#sinf cosf + §j(1 + cos? §) — if cos?§ — jfsinf cosf = 0,
6= 0.



Rovnice geodetik neholonomni

1= 1+ﬂ
2+\f 2
_ P V2
RV, R 2
0 = Ct+ D,
1 V2
p = —5 008 <2Ct+w>
i
)
0
12

§ V2
A= ——v273,
5 ﬂ. .
T= 77 7 )
5 =0

V2

41 V2
Ct+D+w|+ -2 si 1-— 2=

2-V2 K 2)

ﬁfl \/i

Ct+D+w| — -2 co 1— —

) 2-V2 [( 2
= Kt+ L,

= Mt+ N,

= P,

(K sin P — M cos P)t + R.

konexe:




Subriemannovské rovnice:

in? 6 in # cos 6 in 6
i::oz00829+ﬁcosesin9+ozsu; _Bsm 2COS +581121 :
20 in # cos 6 0
y:BSin29—|—acosﬁsin9—|—ﬁCOS _asm cos8 —(5COS ,
' 2 2 2
0=,
sin 6 cosf 1
- _ 15
pEoam T g
a =0,
=0,
1 1 0 in 6
7 = a? = 8%]sin 20 — S cos 26 — aacos _ 555”21 ,

0 =0.
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